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Multi-mode sound radiation from hard-walled semi-inﬁnite ducts with uniform subsonic
ﬂow is investigated theoretically. An analytic expression, valid in the high frequency limit,
is derived for the multi-mode directivity function in the forward arc of the duct for a general
family of mode distribution function. The multi-mode directivity depends on the amplitude
of each mode, and on the single mode directivity functions. The amplitude of each mode is
expressed as a function of cut-off ratio for a uniform distribution of incoherent monopoles,
a uniform distribution of incoherent axial dipoles and for equal power per mode. The single
mode directivity functions are obtained analytically by applying a Lorentz Transformation
to the zero ﬂow solution. The analytic formula for the multi-mode directivity with ﬂow is
derived by assuming total transmission of power at the open-end of the duct. The high fre-
quency formula is compared to exact numerical solutions from the Wiener Hopf technique
and for a ﬂanged duct. The agreement is shown to be excellent.A mon grand p` ereAcknowledgements
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viiIntroduction
The development of aero engines for commercial ﬂights in the 1950s is the main reason
why duct acoustics has become a major research subject. The noise generated by these
engines was so intense that it jeopardised the development of this technology. It became
important to understand the mechanisms responsible for the generation, transmission and
radiation of sound from an aero-engine. In that respect, the noise ﬁeld directivity from the
exhaust or inlet of a cylindrical duct is of great interest. It shows in which directions the
soundradiateswhenitradiatesfromtheengine. Itisusuallydeﬁnedintermsoftheacoustic
intensity, which is proportionnal to the mean square pressure. To predict this directivity it
is necessary to estimate the impact of the noise radiated towards the ground. The directivity
can also be used to study the sound radiated from exhaust mufﬂers or large exhaust stacks.
It is useful to describe the behaviour of a duct in terms of its acoustic modes. Analytical
results already exist to calculate the directivity when only one particular mode propagates
along the duct. This is important to understand the sound generated by the engine at very
speciﬁc frequencies. However, the rotation of the blades also generates a broadband exci-
tation. In that case, several acoustic modes are excited and propagate simultaneously along
the duct: the total pressure is then given by the superposition of theses modes. Little re-
search has been done so far to study the multi-mode directivity of a duct. The most recent
was carried out by Joseph and Morfey in 1999 [1]. The authors derived a simple analytic
formula for the multi-mode directivity function from a semi-inﬁnite cylindrical duct with-
out ﬂow, which is valid in the high frequency limit in the forward arc of the duct. Such
formula are interesting because they allow the avoidance of the calculation of all the modal
components which is complex and computationally expensive. The objective of this thesis
is to extend the results found by Joseph and Morfey to the case where ﬂow is present in and
outside the duct. To avoid further complications induced by the presence of a shear layer
in the case of an exhaust duct, the mean ﬂow velocity will be assumed to be the same in
and outside the duct.
This thesis is divided into three parts. First, a literature review presents the concepts
which are necessary to tackle this problem. It also demonstrates the relatively small amount
of work which has been carried out on multi-mode directivities from ducts. Second, the
zero ﬂow theory is presented in great detail, in order to illustrate the methods used by
Joseph and Morfey to obtain their multi-mode directivity function for the zero ﬂow prob-
1lem. In particular, all the derivation are reproduced, or carried out in a different manner, to
identify the steps which are likely to be affected by the presence of ﬂow. In part three, the
duct is immersed in a mean ﬂow and the zero ﬂow derivation is generalised, to take into
account the presence of ﬂow. This constitutes the essential result of this thesis.
Thus, this thesis is self contained and presents a number of classical results in the ﬁeld
ofduct acoustics, beforeextendingthem tothecasewhen ameanﬂow ispresent. Anumber
of new results have been derived in this thesis. Analytic solution have been obtained for
the multi-mode directivity of sound radiation from ducts in the presence of ﬂow that ﬁt the
exact computation extremely well.
2Part I
Literature review
3This review will ﬁrst introduce classical concepts and results which are used in duct
acoustics. These are for example the mode shapes and cut-off ratio, as well as the single
mode directivity function. This will lead to the few articles tackling multi-mode directivity
in the absence of ﬂow, which will be analysed in more details. The aim will be to highlight
the methods which could be useful for this project. It will also give an opportunity to ﬁnd
the gaps in previous studies. Finally, the research on the acoustic behaviour of ducts in
the presence of ﬂow will be reviewed to understand what has to be done to estimate the
multi-mode directivity in that case.
1.1 Single mode theory in the absence of ﬂow
1.1.1 Mode shapes
The pressure inside a duct can be expressed as a linear combination of its modes of vi-
bration. Each mode is associated with a natural frequency and a mode shape. The mode
shape shows how the duct responds when it is excited at this natural frequency. The ﬁrst
mode is a plane wave while higher order modes have the form of Bessel functions of the
ﬁrst kind, as has been shown for example by Morse [2]. It is important to understand that
a duct does not in general allow all the modes to propagate. It behaves like a waveguide
which ﬁlters higher frequencies. Thus for a given harmonic excitation, a ﬁnite number of
so called cut-on modes will propagate along the duct. In particular, at very low frequency,
only plane waves can propagate. However, the rotation speed in an aero engine is in general
large enough to enable several hundreds of modes to be cut-on.
1.1.2 Single mode directivity for a ﬂanged duct
The importance of these higher order modes for compressor noise has been ﬁrst understood
by Tyler and Sofrin in 1962 [3]. They took into account all the cut-on modes in the ex-
pression of the pressure in the duct. They could then derive the velocity ﬁeld at the open
end of the duct. This enabled to approximate the modal directivity function in the far ﬁeld
by using Rayleigh’s integral. This method is only an approximation because it requires to
suppose that the duct ends up in an inﬁnite bafﬂe. This theory was found to compare very
well with experimental results except for angles close to the inﬁnite bafﬂe, or behind it.
1.1.3 Effect of the open end of the duct
It is also important to notice a second approximation in the results of Tyler and Sofrin.
The authors assumed that the open end of the duct does not generate any reﬂections. This
means that the energy transported along the duct is entirely radiated away. The validity of
this assumption has been conﬁrmed by Morfey which has derived the transmission coef-
ﬁcient at the open end of the duct [4, 5]. He found that apart from the modes which are
4close to the cut-off frequency, the transmission coefﬁcient is very close to one. Thus, the
modal directivity derived by Tyler and Sofrin is valid for most of the cut-on modes. In our
frequency of interest, where hundreds of modes propagate along the duct, it can therefore
be used to derive the broadband directivity. The effect will be to slightly overestimate this
broadband directivity, especially close to the ﬂange where the modes which are close to
cut-off radiate most of the sound. Since the ﬂanged approximation is mostly used to derive
the directivity away from the inﬁnite bafﬂe, it will be used in this project without taking
into account the transmission coefﬁcients derived by Morfey.
1.1.4 Single mode directivity for an unﬂanged duct
In 1947, Levine and Schwinger obtained an exact solution of the radiation from an un-
ﬂanged duct in the case where only the ﬁrst mode (a plane wave) propagates along the
duct [6]. They computed the reﬂection coefﬁcient at the end of the duct, as well as the
radiated power outside the duct, by using the Wiener-Hopf technique. In 1969, Weinstein
generalized these results to higher order modes [7]. These solutions were exact everywhere
which was not the case of the ﬂanged method whose solution was only valid in the far ﬁeld.
However, the results were given in terms of surface integrals, whose physical interpretation
were not straightforward. It is not until 1974, when the results were written in a different
form by Homicz and Lordi [8], that they became widely used. In particular, these authors
explained how to derive very easily the position of the main lobe, as well as the number
and position of the side lobes. Most importantly, they showed that their results could be
extended by very simple transforms to include mean ﬂow.
1.2 Multi-Mode directivity in the absence of ﬂow
1.2.1 Modal amplitude models
Each cut-on mode can propagate along the duct and eventually hit the open end and ra-
diate away, thus contributing to the multi-mode directivity. The weight of each mode in
the global directivity is governed by a series of complex coefﬁcients which take into ac-
count the respective amplitude and phase of each mode. However, there is no simple mean
of determining the value of these coefﬁcients. It is therefore necessary to make some as-
sumptions about their phase and magnitude. In general, the modes are supposed to be
incoherent therefore the phase of each modal amplitude can be seen as a uniform random
variable between 0 and 2. Concerning the magnitude of each mode, several models have
been developed. The most simple one assumes that all the modes have the same amplitude,
another one that the power is equally shared among the modes. In 1976, Saule [9] used
these two models to derive the multi-mode directivity in the far ﬁeld by using the ﬂanged
duct model. He compared his results with experimental measurements of broadband noise
5radiated from the intake of different ducts. However, his method was not practical because
it required to compute the amplitude and directivity of all the cut-on modes.
1.2.2 Rice’s method
In 1978, Rice found a way to simplify the derivation of the far ﬁeld multi-mode directivity
by using the cutoff ratio. For a given mode, the cutoff ratio is a dimensionless coefﬁcient
which can be deﬁned for each mode as a function of frequency. It shows how far a mode
is from its cutoff frequency. Rice expressed the single mode directivity as a function of the
cutoff ratio by using the ﬂanged duct model. He then developed an approximate method
to estimate analytically the multi-mode directivity. His method was based on the fact that
each mode radiates mainly at a particular angle which depends on the cutoff ratio. The
contribution of this mode is negligible at other angles in comparison with other modes.
For a given angle, Rice also managed to estimate the range of cutoff ratios contributing to
the directivity around this angle. He then integrated their contributions to the multi-mode
directivity by using his previous expression of the cutoff ratio density function [10]. In the
case of an equal power per mode model, Rice found that the far ﬁeld directivity was simply
proportional to a cosine function. He also showed that this results compared very well with
experimental measurements. The importance of this work is that it can be generalized to
other models as long as the amplitude coefﬁcients can be expressed as functions of the
cutoff ratio. One of the main objective of this project will be to adapt Rice’s method to the
case where ﬂow is present.
1.2.3 Exact resolution of the multi-mode directivity
Joseph and Morfey have extended the work of Rice in 1999 [1]. First of all, they used the
exact expression of the single mode directivity instead of the approximate one. They also
showed that three different models of sources all lead to modal amplitudes which could be
expressed as powers of the cutoff ratio . Thus, if the power is shared equally between
all modes, the amplitude coefﬁcients are proportionnal to the inverse of . If the acoustic
sources are formed by a distribution of monopoles uniformly distributed in a section of the
duct, then modal amplitudes are proportionnal to  2. Thirdly, in the case of a distribution
of axial dipoles, these amplitudes are proportionnal to 0. The authors thus obtained three
different directivity patterns corresponding toeach of these models. Above all, theyderived
highfrequencyapproximationsbyusingthecutoffratioprobabilitydensitybyanalogywith
Rice. Thus, they obtained very simple analytic formulas and showed that their precision
was excellent for angles up to 70 from the outlet axis. These results give a chance to
obtain simple analytical expressions of the multi-mode directivity when ﬂow is present, by
using exact solutions taking into account the shear layer and by examining their behaviour
at high frequency.
6Another important result found by Joseph and Morfey is that the directivity gives a very
simple means of measuring the power radiated from a duct. The power can be estimated
from the multi-mode directivity model with only one measurement of the intensity at any
angle. This gives a very simple method of measuring the radiated power which is however
highly dependant on the validity of the model. Surprisingly, the authors found that at
55 from the outlet axis, the directivity was practically independent of the three physical
models they had presented. This means that measuring the intensity at this precise angle is
in general a good way of estimating the power radiated from a duct. This project should
give the opportunity to discover how this critical angle is modiﬁed in the presence of ﬂow.
1.3 Multi-Mode directivity in the presence of ﬂow
The determination of the multi-mode directivity when ﬂow is added in and outside the duct
requires two things. First, the single mode directivity pattern must be derived. As explained
earlier, this can be done very easily at the intake of the duct but the single mode directivity
attheoutletrequiresfurtherresults. Secondly, theclassicalmodelsgoverningtheamplitude
of each mode must be generalized to take into account the effect of the ﬂow inside the duct.
Once these two tasks have been carried out, the methods described previously should lead
to numerical and possibly analytical expressions of the directivity in the presence of ﬂow.
1.3.1 Single mode directivity
Because of the shear layer at the exhaust of the duct, the radiation of sound is much more
complex here than in the zero-ﬂow case. Several physical phenomena occur such as the
the diffraction of sound at the trailing edge of the duct, which triggers an instability in the
shear layer. This instability is one of the reason why the problem has been so difﬁcult to
solve. In 1977, Munt solved it rigorously by considering the diffraction of sound at the
open end of a semi-inﬁnite duct containing a cylindrical jet moving at a certain speed, the
whole being immersed in a ﬂuid moving axially at different velocity [11]. He modelled
the separation between the two ﬂuids by a vortex layer and solved the problem by using
the Wiener-Hopf technique. He calculated the far ﬁeld pressure and the match between his
results and experimental measurements was excellent. He later extended his solution in
1990 and found the near ﬁeld expression of the pressure ﬁeld [12].
A less general solution where the ﬂow speed is the same in an outside the duct was
given by Rienstra in 1984 [13]. However, this study addressed the important issue of the
presence of a centre body extending beyond the exhaust of the duct. This centre body
is a more realistic model of the modern bypass turbofans than that of a cylindrical duct.
Rienstra’s work has recently been extended by Gabard and Astley to take into account the
difference of speed between the inner and outer ﬂow [14]. In addition to providing the
exact solution for the single mode directivity, Gabard and Astley also gave an example of
7multi-mode directivity for equal power per mode. However, they did not try to extract any
simple analytical expression for the multi-mode directivity in the far ﬁeld, which will be
the main objective of this project.
1.3.2 Amplitude models
The modelling of the modal amplitudes is necessary to estimate the contribution of each
mode to the total directivity. The amplitude coefﬁcients with ﬂow, for ideal distributions
of sources such as a uniform distribution of monopoles, a uniform distribution of axial
dipoles, and an equal power per mode model, have been studied by Joseph et al. in [15].
Conclusion
The derivation of the multi-mode directivity from ducts can be divided into two parts. On
the one hand, the single mode directivity pattern must be derived. On the other hand,
physical models must be created to determine the weight of each mode in the broadband
directivity.
Two principal methods have been developed to estimate the single mode directivity.
The ﬁrst one assumes that the duct is ﬂanged and gives approximate results in the far ﬁeld
by using Rayleigh’s integral at the open end of the duct. This method is attractive because
of its simplicity and has therefore been used by Rice to study the multi-mode radiation
pattern with zero-ﬂow. It could be generalized to take into account the presence of ﬂow.
This would be a good way to estimate the radiation from the duct intake. However, it
would not be valid at the duct exhaust because of more complex phenomena involving
vortex shedding in the shear layer. The second method of calculating the single mode
directivity relies on the Wiener-Hopf technique and gives exact results everywhere. The
no-ﬂow solution, presented by Homicz and Lordi, has been used by Joseph and Morfey to
derive the multi-mode directivity. As for the approximate method, simple transforms can
be used to derive new expressions for the sound radiated from the intake of a duct immersed
in a mean ﬂow, but more complex results are required for the exhaust directivity. To avoid
this problem for an exhaust duct, we will assume that the ﬂow is uniform around the duct:
the velocity will be the same inside and outside the duct. The most general exact solution
of the single mode radiation pattern from the outlet of a duct with ﬂow have been derived
by Gabard and Astley. It will be applied to the case when the ﬂow speed is identical inside
and outside the duct, to validate our results.
The issue of the respective weight of each mode has been thoroughly studied by Joseph
and Morfey who extended Rice’s idea of expressing the modal amplitude in terms of the
cutoff ratio. They presented different models based either on uniform distributions of
sources inside the duct, or on the distribution of power between the modes. These models
have already been extended to the situation where ﬂow is moving at a constant speed inside
8the duct.
This literature review has shown that little work has been carried out so far on multi-
mode directivity in general, and multi-mode directivity with ﬂow in particular. This thesis
is an opportunity to address these important issues on multi-mode directivity functions
from ducts.
9Part II
Theory of sound transmission and
radiation in ducts without ﬂow
10Chapter 2
Pressure ﬁeld in a cylindrical waveguide
The pressure ﬁeld transmitted along the duct must satisfy the wave equation and the bound-
ary conditions.
2.1 Wave equation
When no source is present inside the waveguide, the pressure ﬁeld must satisfy the homo-
geneous wave equation
r
2p
0(x;t) =
1
c2
0
@2p0(x;t)
@t2 ; (2.1.1)
where c0 is the speed of sound, p0 the pressure and x the position in the cylinder. The
superscript 0 is used to denote the zero ﬂow solution.
The pressure ﬁeld is assumed to be harmonic in time
p
0(x;t) = <

p
0(x;!)e
j!t	
;
where ! is the angular frequency and p0(x) the complex pressure. Note that, for simplicity,
the same notation has been used to designate the real pressure p(x;t) and the complex
pressure p0(x). It can be shown that, if the pressure ﬁeld is harmonic, the wave equation is
equivalent to the homogeneous Helmholtz equation
r
2p
0(x) + k
2p
0(x) = 0; (2.1.2)
where k = !=c0 is the wavenumber.
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Figure 2.1 – Cylindrical polar coordinates system
2.2 Solution of the wave equation
The solution of the Helmholtz equation can be found by using the method of the seperation
of variables. Let the complex pressure p0(x) be of the form
p
0(x) = R(r)()Z(z); (2.2.1)
where(r;;z)arecylindricalpolarcoordinates(seeﬁgure2.1). ThehomogeneousHelmholtz
equation gives
1
r
@
@r

r
@p0
@r

+
1
r2
@2p0
@2 +
@2p0
@z2 + k
2p
0 = 0;
Substituting equation (2.2.1) into the above expression,
1
r
[rR
00(r) + R
0(r)]()Z(z)+
1
r2R(r)
00()Z(z)+R(r)()Z
00(z)+k
2R(r)()Z(z) = 0:
Dividing the last equation by R(r)()Z(z) gives

R
00(r) +
1
r
R
0(r)

1
R(r)
+
1
r2
00()
()
+ k
2
| {z }
function F(r;) of r and  only
+
Z00(z)
Z(z)
| {z }
function G(z) of z only
= 0:
There is a complex constant, say kz, such that:
G(z) =  k
2
z; (2.2.2)
F(r;) = k
2
z: (2.2.3)
Equation (2.2.2) is equivalent to
Z
00(z) + k
2
zZ(z) = 0;
12The solution of the ordinary differential equation can be expressed as
Z(z) = Ae
kzz; (2.2.4)
where A is an arbitrary constant. Equation (2.2.3) is equivalent to

R
00(r) +
1
r
R
0(r)

r2
R(r)
+ r
2(k
2   k
2
z)
| {z }
function F1(r) of r only
+
00()
()
| {z }
function F2() of  only
= 0:
There is a constant, say K, such that:
F1(r) = +K; (2.2.5)
F2() =  K: (2.2.6)
Equation (2.2.6) is equivalent to

00() + K() = 0 ) () = Be
j
p
K; (2.2.7)
where B is an arbitrary constant. Since  must be 2-periodic, because of the use of a
cylindrical duct, then
p
K must be an integer, say m, and equation (2.2.5) then gives
R
00(r) +
1
r
R
0(r) +

k
2   k
2
z  
m2
r2

R(r) = 0
which is know as Bessel’s equation. The solutions of this ordinary differential equation are
of the form
R(r) = CJm(r) + DYm(r);
where Jm and Ym are respectively the Bessel functions of the ﬁrst and second kind, C and
D are arbitrary constants, and m is related to k and kz by the dispersion relation

2 = k
2   k
2
z: (2.2.8)
Since Ym(r) goes to inﬁnity when r tends to 0, which corresponds to the centre of the duct,
D must be equal to zero and
R(r) = CJm(r): (2.2.9)
Combining equations (2.2.4), (2.2.7) and (2.2.9) into equation (2.2.1) shows that for a given
constant kz, the solutions of the wave equation are of the form
p
0
m(r;;z) = A
0
mJm(r)e
jme
jkzz; m 2 Z; (2.2.10)
13where A0
m is a constant. Equation (2.2.10) gives a ﬁrst indication of the type of acoustic
waves which can travel along the duct. Each value of kz and each value of m correspond to
a particular wave solution. The wave travels in the positive or negative direction along the
axis of the duct (ejkzz term), and rotates in the positive or negative direction around the
same axis (ejm term). If only the waves travelling in the positive z-direction are retained,
thereby neglecting the reﬂections from the open end of the duct,
p
0
m(r;;z) = A
0
mJm(r)e
jme
 jkzz; m 2 Z:
A priori, for a given integer m 2 Z the two following waves should be retained:
p
0
m(r;;z) = A
0
mJm(r)e
 jme
 jkzz; m 2 Z (2.2.11)
p
0
m(r;;z) = A
0
mJm(r)e
+jme
 jkzz; m 2 Z (2.2.12)
However, letting n =  m in equation (2.2.12),
A
0
mJm(r)e
+jme
 jkzz = A
0
 nJ n(r)e
 jne
 jkzz = A
0
nJn(r)e
 jne
 jkzz;
where A0
n = ( 1)nA0
 n from the following property of Bessel functions
J m(z) = ( 1)
mJm(z); 8(m;x) 2 Z  C: (2.2.13)
This shows that equation (2.2.12) reduces to equation (2.2.11). In this proof, it has been
assumed that  and kz did not depend on the sign of m which will be veriﬁed in the fol-
lowing sections. Hence without any loss of generality, the solution of the wave equation is
a sum of terms of the form
p
0
m(r;;z) = A
0
mJm(mr)e
 jme
 jkzz; m 2 Z: (2.2.14)
2.3 Boundary conditions
O
x
y
z
a
Rigid wall
Open end
−∞
Figure 2.2 – Boundary conditions. Semi-inﬁnite rigid-walled cylindrical duct of radius a.
14In addition to being a solution of the wave equation, p0
m must also satisfy the boundary
conditions. The walls are assumed to be rigid, as illustrated in ﬁgure 2.2, therefore the
normal velocity is zero. Let u0(x) be the complex velocity, n the vector normal to the
surface of the duct, and a the radius of the duct. The boundary condition is given by
u
0
n(a;;z) = u
0(a;;z)  n = 0; 8(;z): (2.3.1)
The conservation of momentum implies that
0
@u0
n(x;t)
@t
=  rp
0
m  n;
0j!u
0
n(a;;z) =  
@p0
m
@r
(a;;z):
Hence, from equations (2.3.1) and (2.2.14)
@p0
m
@r
(a;;z) = 0 8(;z);
J
0
m(a) = 0;
where J0
m denotes the derivative of Jm. Therefore, a must be a root of J0
m. Let jmn denote
the nth root of J0
m where n  1, then deﬁne

0
mn =
jmn
a
: (2.3.2)
The azimuthal wavenumber  must equal to 0
mn for some value of (m;n). Note that from
equation (2.2.13), 0
mn and jmn are independent of the sign of m.
2.4 Eigenfunctions
2.4.1 Deﬁnition
From equations (2.2.14) and (2.3.2), for any integers m 2 Z and n 2 N, the function p0
mn
deﬁned by
p
0
mn(r;;z) = A
0
mn mn(r;)e
 jkz;mnz; (2.4.1)
where A0
mn is a constant and
 mn(r;) = Jm(
0
mnr)e
 jm; (2.4.2)
satisﬁes the wave equation and the boundary conditions. The functions  mn are called
the eigenfunctions of the duct. They each satisfy the boundary conditions as well as the
15following equation
r
2
? mn(r;) + (
0
mn)
2 mn(r;) = 0; (2.4.3)
where
r
2
? =
1
r
@
@r

r
@
@r

+
1
r2
@2
@2:
and where 0
mn has been deﬁned by equation (2.3.2). The term 0
mn is an eigenvalue of the
duct.
2.4.2 Normalization
An important property of the eigenfunctions is that they are orthogonal, i.e.,
8m;n 2 Zandn;n
0 2 N
;
8
> > <
> > :
Z
A
 mn(r;) 

m0n0(r;) dA = 0 if m 6= m
0 or n 6= n
0
Z
A
 mn(r;) 

m0n0(r;) dA 6= 0 if m = m
0 and n = n
0
However, the eigenfunctions deﬁned by equation (2.4.2) are not unique. They can be mul-
tiplied by any non-zero constant and still satisfy the required equations. To obtain a unique
set of eigenfunctions, one can normalize them as follows. Let
	mn =
 mn
Nmn
; (2.4.4)
where Nmn is deﬁned such that
Z
A
j	mn(r;)j
2 dA = A; (2.4.5)
where A = a2, therefore
,
1
N2
mn
Z
A
j mn(r;)j
2 dA = A: (2.4.6)
Solving for Nmn,
, Nmn =
s
1
A
Z
A
j 2
mn(r;)j dA;
Combining this result with equation (2.4.2) gives
Nmn =
s
2
a2
Z a
0
Jm(0
mnr)2r dr:
16This integral can be calculated either numerically, or by using the relation J0
m(0
mna) = 0
and the following properties of the Bessel functions:
Z
J
2
m(z)z dz =
z2
2
 
J
2
m(z)   Jm 1(z)Jm+1(z)

; 8m 2 Z;
J
0
m(z) =
1
2
(Jm 1(z)   Jm+1(z)); 8m 2 Z;
Jm 1(z) + Jm+1(z) =
2m
z
Jm(z); 8m 2 Z ( if z 6= 0):
It can therefore be shown that
N01 = 1 and 8(m;n) 6= (0;1); Nmn =
v u u tJm(jmn)2
"
1  

m
jmn
2#
:
Note that for any root jmn of J0
m, m=jmn < 1 so that Nmn is always real and positive. In
addition, Nmn is independent of the sign of m.
Examples of shape functions are presented in ﬁgure 2.3, for various modes. Given a
mode (m;n), the corresponding mode shape 	mn has m axes of symmetry and is divided
into n parts in the radial direction. Thus, ﬁgure 2.2(c) shows that 	23 has 2 axes of sym-
metry and is divided into 3 in the radial direction.
−1 0 1
x/a
−1
0
1
y/a
−10.0
0.0
+10.0
Ψmn
(a) Mode (0,1), plane wave
−1 0 1
x/a
−1
0
1
y/a
−10.0
0.0
+10.0
Ψmn
(b) Mode (0,6), 0 axis of antisymmetry, 6 radial
divisions.
−1 0 1
x/a
−1
0
1
y/a
−10.0
0.0
+10.0
Ψmn
(c) Mode (2,3): 2 axes of antisymmetry, 3 radial
divisions.
−1 0 1
x/a
−1
0
1
y/a
−10.0
0.0
+10.0
Ψmn
(d) Mode (3,3): 3 axes of antisymmetry, 3 axes
of antisymmetry.
Figure 2.3 – Contour plots of different mode shapes 	mn of a cylindrical duct (real part) . The contour
lines are drawn in white. Straight lines and circles are contours for which the mode shape goes to 0. The
straight lines are axes of antisymmetry ; 	mn has m axes of antisymmetry. The circles divide the cross
section into n parts in the radial direction ; 	mn has n   1 such circles.
17The modal pressure pmn can be redeﬁned in terms of the normalized shape functions.
The deﬁnition given in equation (2.4.1) is replaced by
p
0
mn(r;;z) = A
0
mn	mn(r;)e
 jkz;mnz ; (2.4.7)
where the modal weighting A0
mn is now uniquely deﬁned.
2.5 Modal decomposition of the pressure ﬁeld
2.5.1 General expression
From equations (2.4.1), (2.4.2) and (2.4.4), the solutions of the wave equation travelling in
the positive-z direction and satisfying the boundary conditions are given by
p
0(r;;z) =
+1 X
m= 1
+1 X
n=1
A
0
mn	mn(r;)e
 jkzz; (2.5.1)
where
	mn(r;) =
Jm(0
mnr)
Nmn
e
 jm: (2.5.2)
The coefﬁcients A0
mn are modal amplitudes. Estimating the pressure ﬁeld from this equa-
tion is difﬁcult, because it requires an inﬁnite number of terms. However, only a ﬁnite num-
ber of terms actually contribute to the pressure ﬁeld. These are called the cut-on modes.
2.5.2 Cut-on modes
From equations (2.2.8) and (2.3.2), kz can be expressed as a function of k, i.e.
kz =
p
k2   (0
mn)2; (2.5.3)
, kz = 
0
mnk where 
0
mn =
s
1  

jmn
ka
2
: (2.5.4)
Here, 0
mn is called the cut-off ratio. It does not depend on the sign of m. It will be shown
to be important in the derivation of the far ﬁeld pressure radiated from the duct. The term
0
mn can either be real or imaginary, depending on the value of mn = jmn=ka, i.e.
(
mn < 1 ) jmn < ka ) 
0
mn 2 R the mode (m, n) is cut-on;
mn > 1 ) jmn > ka ) 
0
mn 2 CnR the mode (m, n) is cut-off:
(2.5.5)
18The mode is said to be cut-off when 0
mn is imaginary because in that case, for a wave
propagating in the positive z-direction, expressing kz as jjkzj leads to
e
jkzz = e
 jkzjz;
which shows that the wave decays exponentially with z. Thus, the cut-off modes are some-
how ﬁltered out by the duct. The modal coefﬁcient mn is called cut-on ratio. The relation
between cut-off and cut-on ratios is
(
0
mn)
2 + 
2
mn = 1:
The cut-on modes are presented in ﬁgure 2.4 for various frequencies ka. The x-axis
gives the value of m and the y-axis the value of n. Each square represents a cut-on mode,
for a particular frequency. Thus, the purple squares illustrate the cut-on modes for ka = 10.
The modes which become cut-on by increasing the frequency up to ka = 20 are then
plotted in green. Similarly, the additionnal cut-on modes for ka = 30, 40, and 50 are
respectively plotted in blue, red and black.
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15
Figure 2.4 – Cut-on modes of a cylindrical duct for ﬁve different frequencies ka ; the frequency varies
among the following values : 10 (purple), 20 (green), 30 (blue), 40 (rend), 50 (black).
Figure 2.5 is a plot of the number of cut-on modes with frequency. The exact number
is represented by red triangles. It is in very good agreement with the asymptotic approxi-
mation, derived, for example, by Rice [16],
N1(ka) = ka=2 + (ka=2)
2:
In the frequency range of interest, for example for ka = 50, the number of cut-on modes
is higher than 600. This large number gives an indication of the amount of computational
19cost of the pressure ﬁeld calculation for a multi-mode sound transmission inside the duct.
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Figure 2.5 – Number of cut-on modes in a cylindrical duct as a function of frequency. The exact value
N(ka) is represented by the red triangles ; the black line is a high frequency approximation whose
equation is deﬁned by N1(ka) = ka=2 + (ka=2)2.
2.5.3 Physical interpretation
From equations (2.5.1) and (2.5.4), the general expression of the pressure ﬁeld travelling
in the positive z-direction inside the duct is
p
0(r;;z) =
+1 X
m= 1
+1 X
n=1
A
0
mn	mn(r;)e
 j0
mnkz : (2.5.6)
It can be seen from equation (2.5.5) that any particular mode (m, n) becomes cut-on if
the frequency is large enough. Similarly, at a particular frequency of excitation, only the
modes such that mn < 1 will be cut-on. This means that the duct behaves like a low pass
ﬁlter such that only a ﬁnite number of modes can propagate at any given frequency. This
allows the inﬁnite sum in equation (2.5.1) to be truncated,
p
0(r;;z) =
X
(m;n)2O
A
0
mn	mn(r;)e
 j0
mnkz; (2.5.7)
where O is the set of cut-on modes,
O =
n
(m;n) 2 Z  N
 j mn < 1
o
:
Note that because of the normalization of the eigenfunctions, the modal amplitudes
A0
mn are uniquely deﬁned in that decomposition. They have the dimension of pressure.
202.5.4 Geometrical interpretation
The cut-on and cut-off ratio can be related to the direction of propagation of a particular
mode inside the duct. If  denotes the angle between the direction of propagation and the
duct axis, then
kz;mn = k cos;

0
mn = k sin;
therefore from equation (2.5.4),

0
mn = cos; (2.5.8)

0
mn = sin: (2.5.9)
This results are illustrated in ﬁgure 2.6.
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0
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0
mn
Figure 2.6 – Direction of propagation of mode (m, n).
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Radiated pressure in the far ﬁeld
O
x
y
z
R
θ
φ
r x
y
z
(R,φ,θ)
Figure 3.1 – Spherical coordinates system
The radiated pressure in the far ﬁeld can be expressed in terms of the cut-on modal
pressures
pf(R;;;k) =
X
(m;n)2O
pmn;f(R;;;k); (3.0.1)
where, as illustrated in ﬁgure 3.1, R is the distance from the centre of the open end of the
duct to the observation point,  the zenith angle,  the azimuth angle and ka the non dimen-
sional frequency. The modes are assumed to be incoherent (their phase varies randomly).
The objective is to estimate the mean square far ﬁeld pressure 1
2E

jpfj2	
. Since the modes
22are incoherent,
E

p

mn;f(R;;)pm0n0;f(R;;)
	
= 0 8(m;n) 6= (m
0;n
0):
The mean square far ﬁeld pressure is therefore given by
p2
f(R;;;k) =
1
2
E

jp
2
f(R;;;k)j
	
=
1
2
X
(m;n)2O
E

jp
2
mn;f(R;;;k)j
	
:
The modal pressure pmn;f can be expressed in terms of the dimensionless in-duct to
far-ﬁeld transfer function Hmn(ka;), deﬁned by Joseph and Morfey [1],
pmn;f(R;;;k) =
a
R
A
0
mnHmn(ka;)e
 jme
 jkR: (3.0.2)
Thus,
E

jpmn;f(R;;ka)j
2	
=
 a
R
2
jHmn(ka;)j
2E

jA
0
mnj
2	
: (3.0.3)
Thus, the sound ﬁeld is axi-symmetric. Equation (3.0.3) shows that two quantities must
be calculated in order to estimate the mean square modal pressure in the far ﬁeld. First,
jHmn(ka;)j2 must be derived for each cut-on mode. Second, an estimation of the modal
amplitudes E

jA0
mnj2	
must be obtained.
The modal amplitudes depend on the type of sources which generate the sound. The
distributionofsourcesintheductcanbemodelledindifferentways. Themodelsdeveloped
by Joseph et al. [4, 1] will be presented in section 3.2.
3.1 Derivation of jHmn(ka;)j2
In this dissertation, Hmn is obtained in two different ways. If one assume that the duct
terminates in an inﬁnite bafﬂe, Hmn can be derived analytically from Rayleigh’s integral.
The other method gives the exact solution for an unﬂanged duct and is based on the Wiener-
Hopf technique. However, it gives only a numerical solution.
3.1.1 Flanged duct
Computation by Rayleigh Integral
The ﬂanged duct model is illustrated in ﬁgure 3.2. The pressure radiated from the open end
of a ﬂanged duct is given by Rayleigh’s Integral
p
0(r) =
jk
2
0c0
Z
A
u
0
z(rs)
e jkjr rsj
jr   rsj
dA; (3.1.1)
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Figure 3.2 – Flanged duct approximation: an inﬁnite ﬂange is added at the open end of the duct. This
enables to obtain an approximation of the in-duct to far ﬁeld transfer function in the forward arc.
where r = (R;;) is the position in the far ﬁeld in spherical coordinates, and rs =
(Rs;s;=2) the position of an inﬁnitesimal piston source situated at the open end of the
duct. The particle velocity u0
z(rs) transmitted along the duct can be derived from the mo-
mentum equation
0j!u
0
z(rs) =  
@p
@z
  
z=0
= j
X
(m;n)2O
A
0
mn
0
mnk	mn(Rs;s)
0
mnke
 j0
mnkz
  
z=0
; (3.1.2)
u
0
z(rs) =
1
0c0
X
(m;n)2O
A
0
mn
0
mn	mn(Rs;s): (3.1.3)
In the far-ﬁeld, Rs  R, so that
jr   rsj = R
 
1   2
Rs
R
sin()cos(   s) +

Rs
R
2!1=2
;
jr   rsj  R   Rs sin()cos(   s);
1
jr   rsj

1
R
:
24Combining the expressions of u0
z and jr   rsj into equation (3.1.1) gives
p
0(r) 
X
(m;n)2O
A
0
mn
jk
2
0
mn
R
e
 jkR
Z a
0
Z 2
0
e
jkRs sin()cos( s)	mn(Rs;s)Rs ds dRs:
From the deﬁnition of 	mn given in equation (2.4.4) and the deﬁnition of far ﬁeld modal
pressure pmn;f,
pmn;f = A
0
mn
jk
2

0
mn
e jkR
R

Z a
0
hZ 2
0
e
jkRs sin()cos( s)e
 jms ds
iJm(0
mnRs)
Nmn
Rs dRs:
(3.1.4)
The two integrals can be calculated by using the following properties of Bessel functions
Z 2
0
e
jm( s)e
jz cos( s) ds = 2j
mJm(z);
Z a
0
Jm(r)Jm(r)r dr =
a
2   2  [Jm(a)J
0
m(a)   Jm(a)J
0
m(a)];if  6= :
Using these two properties successively gives
pmn;f =
a
R
A
0
mne
 jme
 jkRj
m+1 0
mn
Nmn
Jm(jmn)
k2 sin
(0
mn)2   k2(sin)2J
0
m(kasin): (3.1.5)
From the deﬁnition of the in-duct to far-ﬁeld transfer function given by equation (3.0.2),
Hmn can be expressed as follows in the case of a ﬂanged duct
Hmn(ka;) = j
m+1 0
mn
Nmn
Jm(jmn)
(ka)2 sin
j2
mn   (ka)2(sin)2J
0
m(kasin): (3.1.6)
Angle of maximum radiation
According to equation (3.1.6), the denominator of the transfer function goes to zero when
kasin 6= jmn; (3.1.7)
which gives the angle of maximum radiation, which will be denoted by 0
mn. According to
equation (2.3.2), the above equation is equivalent to the condition
k sinmn = mn: (3.1.8)
Thus, following ﬁgure 2.6, mn corresponds to the angle of propagation of mode (m;n)
inside the duct. Interpreting the wave as a ray, it is straightforward to see that a mode prop-
agating in direction  inside the duct tends to radiate in that same direction after reaching
the open-end of the duct. Thus, the angle of maximum radiation is simply related to the
25cut-off ratio by
cosmn = 
0
mn: (3.1.9)
The maximum value of Hmn can be obtained by studying the limit of h(X) as X !
jmn, where
h(X) =
1
sin
X2
j2
mn   X2J
0
m(X):
Note that
Hmn(ka;) = j
m+1 0
mn
Nmn
Jm(jmn)h(kasin):
Since J0
m(jmn) = 0 and since J0
m is differentiable at jmn,
h(X) =  
1
sin
X2
X + jmn
J0
m(X)   J0
m(jmn)
X   jmn
!  
1
sin
jmn
2
J
00
m(jmn) as X ! jmn:
Thus,
Hmn(ka;)
  
kasin=jmn
=  j
m+1 0
mn
Nmn
jmn
2sin
Jm(jmn)J
00
m(jmn): (3.1.10)
To simplify the computation of J00
m(jmn) one can use the following formulae
J
00
m(jmn) =
 
m
jmn
2
  1
!
Jm(jmn) if (m;n) 6= (0;1);
J
00
0(j01) =  J
0
1(j01) if (m;n) = (0;1):
BEHAVIOUR OF THE TRANSFER FUNCTIONS
Variation with cut-off ratio Figure 3.3 shows the variation of jHmnj2 with  for a well
cut-on and a nearly cut-off mode for ka = 10. The angle of maximum radiation is plotted
in grey. It can be seen that modes which have their cut-off ratio close to 1 tend to radiate
mostly around the axis of the duct, and are well cut-on, whereas those which have their
cut-off ratio close to 0 tend to radiate towards 90 and are nearly cut-off.
Zero pressure for  = 0 From equation (3.1.6), the directivity function goes to zero when
 = 0 except when jmn = 0 which occurs only for the plane wave mode (1;0). Thus, the
plane wave mode is the only one which radiates in the direction of the duct-axis. This is
illustrated in ﬁgure 3.5.
Variation with frequency Given a mode (m;n), we study the variation of the functions
jHmn(ka;)j2 as ka increases. As illustrated in ﬁgure 3.5, the main radiation lobe tend
towards  = 0. This is due to the fact that the mode becomes more cut-on as ka increases.
Besides, the number of side lobes increases also for the same reason.
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Figure 3.3 – Angle of maximum radiation (in grey) from a cylindrical duct for a well cut-on mode (a)
and a nearly cut-off mode (b), at ka = 10. The well cut-on modes radiate mostly around the z-axis ; the
modes close to cut-off radiate mostly at 90 degrees.
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(a) Higher order mode,(m,n)=(8,4), ka=30.
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(b) Plane wave mode, (m,n)=(0,1), ka=30.
Figure 3.4 – For all frequencies, the in duct to far ﬁeld transfer function is zero at 0 degree for all higher
order modes (m;n) 6= (0;1) (a). The plane wave mode is the only one for which the transfer function
is non-zero at 0 degree (b).
3.1.2 Unﬂanged duct
The exact modal in-duct to far ﬁeld transfer function for an unﬂanged duct has been pre-
sented by Homicz and Lordi [8]. Its magnitude is given by
jHmn(ka;)j = Nmna
   
Jm(0
mna)0
mn
0
mn   cos
    
s
(0
mna)2   m2
(0
mn)2 sin[
m(kasin)]

v u
u u t
n0 Y
s=1
s6=n
0
ms + 0
mn
0
ms   0
mn
n0 Y
q=1
0
mq   cos
0
mq + cos
exp[Tm(
0
mn;ka)   Tm(cos;ka)] (3.1.11)
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Figure 3.5 – Variation of the in duct to far ﬁeld transfer function for mode (8,1) at ka equals 10,20 and
30.
where 
m and Tm are deﬁned by

m() = tan
 1 Y 0
m()
J0
m()
+

2
if m = 0;

m() = tan
 1 Y 0
m()
J0
m()
 

2
if m < 0;
Tm(;ka) =
1
2
Z 1
 1

(ka
p
1   2)
   
d:
The term Y 0
m is the derivative of the mth Bessel function of the second kind, and 
 repre-
sents the phase of the Hankel function derivative. It must be continuous and therefore must
be unwrapped. Note that when  = 0
mna, 
 is given by

m(
0
mna) = n
Note that, from equation (3.1.11), the amplitude of the transfer function jHmnj is max-
imum when

0
mn = cos;
which is the same relation than the one derived for a ﬂanged duct, i.e. equation (3.1.9.
3.1.3 Validation of the ﬂanged transfer functions
The exact Wiener-Hopf solution of equation (3.1.11) is compared to the ﬂanged duct trans-
fer function of equation (3.1.6). The results are presented in ﬁgure 3.6. The agreement
between the two is excellent for well cut-on modes 3.6(b). For modes which are close to
cut-off, the agreement is very good but the secondary lobes are slightly underestimated by
the ﬂanged duct model. Thus, the main lobe is This validates the ﬂanged duct approxima-
tion for the in-duct to far ﬁeld transfer function in the zero-ﬂow case.
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(a) ka=10, (m,n)=(2,3), mode nearly cut-off
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Figure 3.6 – Comparison of the modal transfer functions from a ﬂanged model (red dots curve) and
from the Wiener Hopf Technique (black curve), for (m,n)=(2,3). The mode is amost cut-off at ka=10,
and well cut-on at ka=20 (the cut-off ratio is respectively equal to 0.08 and 0.98).
3.2 Weighting models
ThemodalamplitudesA0
mn dependonthesoundsourcespresentintheduct. LetQvol(x)be
a volume distribution of sources. The sound ﬁeld generated in the duct by this distribution
of sources must satisfy the following equation
r
2p
0(x) + k
2p
0(x) =  Qvol(x)
Let G(xjy) be a Green’s function of the duct satisfying the rigid wall boundary condition.
It represents the sound ﬁeld at x generated by a point source situated at y. For any given
point x, let xs be the projection of x in the plane z = 0, and x3 the z-coordinate of x.
Using the formula derived by Goldstein[17], or using the ﬂow Green’s function derived in
section 8.2.1 with zero Mach number, G(xjy) can be expressed as
G(xjy) =
X
m;n
 
j
2A0
mnk
	

mn(ys)	mn(xs)e
 j0
mnrkjx3 y3j: (3.2.1)
The sound ﬁeld p0(x) in the duct can be calculated from the distribution of sources Qvol(y)
and the Green’s function G(xjy),i.e.
p
0(x) =
Z
V
Qvol(y)G(xjy) d
3y : (3.2.2)
29For simple volume source distributions, it is possible to derive E

jA0
mnj2	
as a function
of the cut-on ratio 0
mn. Alternatively, one can make some assumptions regarding the
distribution of sound power between all modes. Castres and Joseph [18] have recently
shown that assuming an equal partition of energy between all cut-on modes was a good
modelfor broadbandsoundfrom aducted fan. Theexpression of E

jA0
mnj2	
willtherefore
be derived for this “equal power per mode” model.
3.2.1 Uniform distribution of incoherent monopoles
Let Qvol(y) be a uniform distribution of incoherent monopoles located in the plane z = z0.
Qvol(y) is of the form
Qvol(y) = 0j!qs(ys)(y3   z0); (3.2.3)
where qs(ys) is a volume velocity source per unit surface. From equations (3.2.2) and
(3.2.3)
p
0(x) =
Z
V
0j!qs(ys)(y3   z0)G(xjy) d
3y: (3.2.4)
Substituting d3y by d2ys dy3 in (3.2.4) and using equation (3.2.1) gives
p
0(x) = 0j!
X
(m;n)2O
 j
2A0
mnk

Z
A
Z 0
 1
qs(ys)(y3   z0)	

mn(ys)	mn(xs)e
 j0
mnkjy3 x3j dy3 dys
p
0(x) = 0j!
X
m;n
 j
2A0
mnk
Z
A
qs(ys)	

mn(ys)	mn(xs)e
 j0
mnkjz0 x3j d
2ys
For x3  z0,
p
0(x) = 0j!e
j0
mnz0
X
m;n
 
 j
2A0
mnk
Z
A
qs(ys)	

mn(ys) d
2ys
!
	mn(xs)e
 j0
mnkx3
Thus, from equation (2.5.7)
A
0
mn =
0c0
2A0
mn
e
j0
mnkz0
Z
A
qs(ys)	

mn(ys) d
2ys
jA
0
mnj
2 = A
0
mnA
0
mn =
2
0c2
0
4A2(0
mn)2
Z
A0
Z
A
qs(ys)	

mn(ys)q

s(y
0
s)	mn(y
0
s) d
2ys d
2y
0
s
E

jA
0
mnj
2	
=
2
0c2
0
4A2(0
mn)2
Z
A0
Z
A
	

mn(ys)	mn(y
0
s)E

qs(ys)q

s(y
0
s)
	
d
2ys d
2y
0
s
30If the monopoles are incoherent,
E

qs(ys)q

s(y
0
s)
	
= 2Q2
sA(ys   y
0
s)
where Q2
s is source strength which represents the mean square volume velocity of the
monopoles per unit surface, and where A is the cross-sectional area of the duct. Thus,
E

jA
0
mnj
2	
=
2
0c2
0
2(0
mn)2
Q2
s
A
Z
A
j	mn(y
0
s)j
2 d
2y
0
s
E

jA
0
mnj
2	
=
2
0c2
0
2
Q2
s(
0
mn)
 2: (3.2.5)
3.2.2 Uniform distribution of incoherent axial dipoles
Let Qvol(y) be a uniform distribution of incoherent axial dipoles located in the plane z =
z0. The source Qvol(y) is of the form
Qvol(y) =  ry  fvol(y); (3.2.6)
where
fvol(y) = fs(y)(y3   z0)ez: (3.2.7)
In the above expression, fs(ys) is a force per unit surface and ez is the unit vector in the
z-direction. From equations (3.2.2) and (3.2.6)
p
0(x) =
Z
V

ry  fvol(y)

G(xjy) d
3y
p
0(x) =
Z
V
ry 
h
fvol(y)G(xjy)
i
d
3y  
Z
V
ryG(xjy)  fvol(y) d
3y
The ﬁrst integral can be calculated by using Green’s theorem. Let @V be the boundary of
volume V . Since the sources are bounded, if V is large enough,
fvol(y) = 0 8y 2 @V
Z
V
ry 
h
fvol(y)G(xjy)
i
d
3y =
Z
@V
fvol(y)G(xjy)  n dy = 0
Thus,
p
0(x) =  
Z
V
ryG(xjy)  fvol(y) d
3y (3.2.8)
31Combining equations (3.2.7) and (3.2.8) gives
p
0(x) =  
Z
V
ryG(xjy)  fs(y)(y3   z0)ez d
3y
p
0(x) =  
Z
@V
Z 0
 1
@G(xjy)
@y3
fs(y)(y3   z0) dy3 d
2ys
p
0(x) =  
Z
@V
@G(xjy)
@y3
  
y3=z0
fs(ys) dys (3.2.9)
From (3.2.1), if x3  z0
p
0(x) =
X
m;n
Z
A
1
2A
	

mn(ys)	mn(xs)e
 j0
mnk(x3 z0)fs(ys) d
2ys
p
0(x) =
X
m;n
1
2A
	mn(xs)e
 j0
mnk(x3 z0)
Z
A
	

mn(ys)fs(ys) d
2ys
From (2.5.7)
A
0
mn =
1
2A
e
j0
mnkz0
Z
A
	

mn(ys)fs(ys) d
2ys (3.2.10)
Thus,
E

jA
0
mnj
2	
=
1
4A2
Z
A
Z
A0
	

mn(ys)	mn(y
0
s)E

fs(ys)fs
(y
0
s)
	
d
2y
0
s d
2ys
If the dipoles are uniform and incoherent,
E

fs(ys)fs
(y
0
s)
	
= 2F 2
s A(ys   y
0
s)
where F 2
s is the mean square force per unit surface created by the dipole distribution.
E

jA
0
mnj
2	
=
F 2
s
2A
Z
A
j	mn(ys)j
2 d
2ys
E

jA
0
mnj
2	
=
F 2
s
2
: (3.2.11)
3.2.3 Equal power per mode
The sound power of the wave transmitted along the duct is
W
0 =
Z
A
I(y)  ez d
2y; (3.2.12)
32where I(y) is the time averaged intensity of the wave given by
I =
1
2
Re

p
0(y)
u
0(y)
	
: (3.2.13)
From equations (3.2.12) and (3.2.13),
W
0 =
1
2
Re
Z
A
p
0(y)
u
0
z(y) d
2y

: (3.2.14)
Using the momentum equation and the modal decomposition of the sound ﬁeld from equa-
tions (3.1.2) and (2.5.7), it can be shown that
u
0
z(y) =
X
m;n
0
mn
0c0
pmn(y) (3.2.15)
Thus, from (3.2.14),
W
0 =
1
2
Re
8
> <
> :
Z
A
X
m;n
q;l
qlpmn(y)
pql(y) d
2y
9
> =
> ;
:
Substituting equations (2.5.7) and (3.2.15) into the above expression,
W
0 =
1
2
Re
8
> <
> :
X
m;n
q;l
A
0
mn  Aql
ql
0c0
Z
A
	

mn(y)	ql(y)e
 j(0
mn ql)kz d
2y
9
> =
> ;
:
By deﬁnition of the shape functions, this equation can be simpliﬁed as
W
0 =
1
2
Re
(
X
m;n
jA
0
mnj
20
mn
0c0
A
)
;
W
0 =
X
(m;n)2O
A
20c0
jA
0
mnj
2
0
mn:
Thus,
E

W
0	
=
X
(m;n)2O
A
20c0
E

jA
0
mnj
2	

0
mn:
The expected value of the modal power is therefore given by
E

W
0
mn
	
=
A
20c0
E

jA
0
mnj
2	

0
mn : (3.2.16)
33If the power is equally shared between all the cut-on modes,
E

W
0
mn
	
= W0; (3.2.17)
where W0 is the power transmitted by each mode. Combining equations (3.2.16) and
(3.2.17) gives
E

jA
0
mnj
2	
= 20c0
W0
A
(
0
mn)
 1 : (3.2.18)
W0=A is the averaged intensity transported by each cut-on mode.
3.2.4 General expression of the modal amplitude without ﬂow
The expectancy of the modal amplitude for each of the three models studied above can be
written in a compact form. From equations (3.2.5), (3.2.11) and (3.2.18),
E

jA
0
mnj
2	
= P
2
q (
0
mn)
 q; (3.2.19)
where q is an integer equal to 0, 1 or 2, and Pq a source strength which depends on the
source model, i.e.
Monopole Dipole Equal Power
Pq 0c0(Q2
s=2)1=2 (F2
s =2)1=2 (20c0W0=A)1=2
q 2 0 1
3.3 High frequency approximation
3.3.1 Introduction
The aim of this section is to derive a simple analytic formula for the multi-mode directivity
function with ﬂow for the general source distributions presented in the above section. The
proof relies in observing that the power radiated from the duct in a particular direction is
approximately equal to that travelling along the duct in that same direction. Since for a
given source, the power travelling in the duct in any direction can be obtained easily, this
allows the estimation of the far ﬁeld power in any direction. Moreover, the far ﬁeld power
radiated in a particular direction is related to the pressure directivity through the radial
intensity. Thus, these energy considerations offer one method for estimating, analytically,
the pressure directivity in the far ﬁeld.
3.3.2 Far ﬁeld power in direction 
Consider the sound power dWf() radiated to the far ﬁeld between angles  and  + d.
By deﬁnition of the time average acoustic intensity, the mean power radiated to the far ﬁeld
34through surface S, denoted by E

dWf()
	
, is given by
dWf() =
Z
S
IR(R
0;
0;
0) d
2ys; (3.3.1)
where S is the surface deﬁned in the spherical coordinate system (R0;0;0) by
8
> > <
> > :
R
0 = R;
0  
0  2;
  
0   + d:
Thus,
dWf() =
Z 2
0
Z +d

IR(R;;)R
2 sin
0 d
0 d
0; (3.3.2)
In the far ﬁeld, the sound wave propagates as a plane wave therefore pf=uR = 0c0 and
IR(y) =
1
2
Refpf(R;)
uR(R;)g =
jpf(R;)j2
20c0
: (3.3.3)
Combining equations (3.3.2) and (3.3.3), the expected value of the far ﬁeld power radi-
ated between angles  and  + d can be expressed as
E

dWf()
	
=
R2
0c0
E

jpfj
2	
sind: (3.3.4)
3.3.3 Relation between far ﬁeld power and in-duct power
z
r
0
far ﬁeld
θ
θ + dθ
dWf(θ)
dW(θ)
Figure 3.7 – Relation between power transmitted along the duct between angles  and  + d, denoted
by dW(), and power radiated to the far ﬁeld between angles  and  + d, denoted by dWf(). If the
open-end of the duct is acoustically transparent, dW() = dWf().
35Interpreting the acoustic waves in terms of rays, dWf() is given by the sum of the
powers carried along by the rays travelling between angles  and  + d. Assuming that
no energy is lost at the open-end of the duct, the power transported by one ray into the far
ﬁeld is equal to the power transported by that same ray inside the duct. This is illustrated
in ﬁgure 8.11. Thus, dWf() is equal to the power transported inside the duct by rays
travelling between angles  and  + d, which is denoted by dW(), i.e
dWf() = dW() (3.3.5)
3.3.4 In duct power transmitted in direction 
Interpreting the modes in terms of rays, the in-duct power transmitted along the duct be-
tween  and  + d is the sum of the modal power transmitted by each mode travelling in
a direction comprised between  and  + d. From ﬁgure 2.6, the direction of propagation
mn of mode (m;n) is given by equation
cosmn = 
0
mn;
therefore by deﬁnition of dW(),
dW() =
X
(m;n)2O
Wmn; (3.3.6)
where
O = f(m;n) 2 O such that   mn   + dg: (3.3.7)
From equations (3.2.5), (3.2.11) and (3.2.18), the mean square modal amplitude can be
expressed as a power of the cut-on ratio
E

jA
0
mnj
2	
= P
2
q (
0
mn)
 q
where P 2
q and q are constants which depend on the source model. From equations (3.2.16)
and (8.3.15), the expected value of the modal powers is given by
E

Wmn
	
=
A
20c0
P
2
q
X
(m;n)2O
(
0
mn)
1 q: (3.3.8)
Thus,
E

dW()
	
=
A
20c0
P
2
q
X
(m;n)2O
(
0
mn)
1 q: (3.3.9)
For all (m;n) 2 O, mn   because d  , therefore

0
mn = cosmn  cos: (3.3.10)
36Substituting this result into equation (3.3.9), the in-duct power travelling in direction  can
be expressed as
E

dW()
	
=
A
20c0
P
2
q Card

O

cos
1 q ; (3.3.11)
where Card

O

is the number of modes in O.
Derivation of O To estimate Card

O

, we introduce the function N() deﬁned as the
number of modes (m;n) such that mn  , i.e.
N() = Card

f(m;n) 2 O such that mn  g

(3.3.12)
By deﬁnition of N(),
Card

O

= N( + d)   N(): (3.3.13)
Since d  , the above expression can be expressed in terms of the derivative of N(),
denoted by N0(),
Card

O

= N
0()d (3.3.14)
In the above expression, N0() can be interpreted as a modal density.
The function N() can be estimated as follows. First observe that
0  mn   

2
, k sinmn  k sin: (3.3.15)
From ﬁgure 2.6,
k sinmn  k sin , mn  (); (3.3.16)
where
() = k sin: (3.3.17)
Secondly, let M() denote the number of cut-on modes (m;n) such that mn  , i.e
M() = Card

f(m;n) 2 O such that mn  g

: (3.3.18)
Equations (3.3.15) and (3.3.17) show that
N() = M(()): (3.3.19)
Good analytical approximations for M() are given by Roe [19] and Rice [16],
M() =
(a)2
4
+
a
2

(a)2
4
; (3.3.20)
where the second order term is neglected in the second equality, which is a good approxi-
37mation when a  1 (well cut-on modes). Thus, N() can be approximated by
N() =
(()a)2
4
=
(ka)2
4
sin
2 : (3.3.21)
Taking the derivative of the above expression gives
N
0() =
(ka)2
2
sincos: (3.3.22)
Thus, substituting equation (3.3.22) into equation (3.3.14), the number of cut-on modes
which radiate between angle  and  + d is given by
Card

O

=
(ka)2
2
sincosd: (3.3.23)
In duct power in direction  The in-duct power transmitted between propagation angles 
and  + d is obtained by combining equations (3.3.23) and (3.3.11), which gives
E

dW()
	
=
A(ka)2
40c0
P
2
q sincos
2 q d: (3.3.24)
3.3.5 Multi-Mode far ﬁeld directivity without ﬂow
Substituting the in-duct power, from equation (3.3.24), and the far ﬁeld power, given by
equation (3.3.4), into equation (3.3.5), gives
R2
0c0
E

jpfj
2	
sind =
(ka)2A
40c0
P
2
q sincos
2 q d: (3.3.25)
Solving the above equation for E

jpfj2	
, and substituting A by a2 gives
E

jpf(R;;)j
2	
=
 a
R
2 (ka)2
4
P
2
q cos
2 q(): (3.3.26)
This result is consistent with the one derived by Joseph and Morfey[1].
3.4 Directivity factor
The directivity factor can be expressed in non-dimensional form as
Q(ka;) =
2R2
0c0E

W
	E

jpf(R;;;!)j
2	
: (3.4.1)
Notethatforasphericalsource, Q(ka;) = 1. Themeansquarepressure 1
2E

p2
f(R;;;!)
	
can be computed by using a discrete modal summation, or by applying a continuous ana-
38lytic formula that is valid in the high frequency limit. The power W can be expressed as a
discrete sum of modal powers, or as the integral of a continuous function.
3.4.1 Directivity factor in terms of a modal summation
OneexpressionforE

p2
f(R;;;!)
	
isobtainedbycombiningequations(3.0.3)and(3.2.19),
to give
E

p
2
f(R;;;!)
	
=
 a
R
2
P
2
q
X
(m;n)2O
jHmn(ka;)j
2(
0
mn)
 q: (3.4.2)
The expected value of the source power, E

W
	
, can be expressed by summing the modal
powers, given by equation (3.3.8), over all cut-on modes:
E

W
	
=
a2
20c0
P
2
q
X
(m;n)2O
(
0
mn)
1 q: (3.4.3)
The directivity factor is then obtained by substituting equations (3.4.2) and (3.4.3) into
equation (3.4.1), to give
Q(ka;) =
4
P
(m;n)2O jHmn(ka;)j2(0
mn) q
P
(m;n)2O(0
mn)1 q : (3.4.4)
3.4.2 Continuous analytical estimation of the directivity factor in the high frequency
limit
In the forward arc (  =2), the directivity factor can be estimated directly by using
the analytical expressions derived in this chapter. Thus, the mean square pressure can be
expressed from equation (3.3.26) as
E

jpf(R;;)j
2	
=
 a
R
2 (ka)2
4
P
2
q cos
2 q() (3.4.5)
The expected value of the source power can be obtained by summing the elementary con-
tributions E

dW()
	
between 0 and =2. Thus, from equation (3.3.24),
E

W
	
=
Z =2
0
E

dW()
	
=
a2
0c0
(ka)2
4
Z =2
0
P d
2
qsincos
2 q() =
a2
0c0
(ka)2
4(3   q)
P
2
q :
(3.4.6)
Substituting equations (3.4.5) and (3.4.6) into equation (3.4.1) gives
Q(ka;) = 2(3   q)cos
2 q(): (3.4.7)
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Validation of the model
The proof leading to the expression for the multi-mode far-ﬁeld directivity relies essentially
on one assumption, which is that the open end of the duct does not generate any reﬂected
wave travelling back into the duct. Thus it is assumed that the power radiated to the far
ﬁeld is equal to the power transmitted along the duct. It is claimed that this assumption is
a good approximation at high frequency. The aim of this section is to assess the validity of
this assumption.
4.1 Theoretical analysis of the error on the directivity factor
The relation between in-duct power W, far ﬁeld mean square pressure jpfj2, and directivity
factor Q is of the form
Q =
2R2
0c0
jpfj2
W
: (4.1.1)
The in-duct power W is related to the far ﬁeld power by
Wf = W; (4.1.2)
where  denotes the power transmission coefﬁcient. Thus,
Q =
2R2
0c0

jpfj2
Wf
: (4.1.3)
In the previous chapter, we assume that  = 1, which results in estimating the directivity
factor as,
Q1 =
2R2
0c0
jpfj2
Wf
: (4.1.4)
Thus, the exact directivity factor Q is related to the estimated directivity factor Q1 by
Q
Q1
= : (4.1.5)
40Note that, in the above expression,  is angle dependent. The approximate directivity factor
Q1 is an estimation of Q accurate to 1dB if and only if
j10logQ   10logQ1j  1 ,  10log  1 ,   10
 1=10 (4.1.6)
The numerical evaluation of the above expression gives
j10logQ   10logQ1j  1 , 0:8  : (4.1.7)
4.2 Sufﬁcient condition on the modal transmission coefﬁcients
In particular, a sufﬁcient condition to satisfy equation (4.1.7) is that
0:8  mn ; (4.2.1)
for all cut-on modes, where mn is the modal transmission coefﬁcient deﬁned as
mn =
Wf;mn
Wf
: (4.2.2)
From equations (3.3.4), (3.0.3) and (3.2.16),
mn =
2
R 
0 jH0
mn(ka;)j2E

jA0
mnj2	
sin d
E

jA0
mnj2	
mn
: (4.2.3)
The weighting coefﬁcients cancel out and,
mn =
2
R 
0 jH0
mn(ka;)j2 sin d
mn
: (4.2.4)
4.3 Analysis of the modal transmission coefﬁcients
4.3.1 Variation with frequency
Figure 4.1 shows the value of the transmission coefﬁcient for all cut-on modes and for
ka = 20 and 50, as a function of the cut-off ratio. It appears that the modal transmission
coefﬁcient tend to one as frequency increases. This is consistent with the theory developed
by Morfey [5]. To be more precise, we study the percentage of modes which are such
that mn < 0:8. Figure 4.1 shows that, as expected, this error coefﬁcient tends to 0 as ka
increases.
Error =
number of modes (m;n) such that mn < 0:8
Total number of modes
: (4.3.1)
The variation of the error as ka increases is plotted in ﬁgure
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Figure 4.1 – Modal transmission coefﬁcient as a function of cut-off ratio for zero ﬂow at low and high
frequencies.
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Figure 4.2 – Pourcentage of modes such that mn < 0:8.
4.3.2 Maximum angle of validity
Hence, we estimate the maximum angle below which the 1dB accuracy condition should
hold. The variation of mn with mn is similar to that sketched in ﬁgure 4.3. The modes
which are 0
mn  c all have a transmission coefﬁcient below 0.8, which means that the
model is likely to be less accurate for this particular range of modes. Besides,

0
mn  c , cosmn  c , mn  cos
 1(c) = c (4.3.2)
This simple relation allows the estimation of the angle above which the present model is
less accurate.
The results are shown in table 4.1. They indicate that the model should give poor
result for ka = 10, for which c is as low as 65, but rather good results for ka  20,
42for which c = 80. However, the convergence seems to be very slow for ka  20 which
indicates that a more accurate model of the transmission coefﬁcient should be used in order
to improve the validity of the model between 80 and 90.
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Figure 4.3 – Sketch of the variation of mn as a function of 0
mn.
ka 10 20 30 40 50
c 0.4 0.2 0.2 0.15 0.15
c 65 80 80 80 80
Table 4.1 – Angle above which the model is not validated.
4.4 Conclusion
The high frequency multi-mode directivity formula given in equation (3.3.26), which as-
sumes that the transmission coefﬁcient is equal to 1 for all angles, is valid for frequencies
higher than ka = 20 for angles below 80, to a precision of approximately 1dB. The
quality of the model, and therefore the range of angles over which it is able to predict the
multi-mode directivity factor with good accuracy, tends to increases with frequency.
43Chapter 5
Results
In this chapter, the directivity factor of equation (3.4.7) is investigated. The directivity
factor is plotted in ﬁgure 5.1 for ka = 50, for the three distribution of incoherent sources
presented in this chapter. In each ﬁgure, the thick black line represents the exact result from
the Wiener-Hopf Technique. The red triangles represent the solution obtained by using the
ﬂanged duct approximation. The blue circles represent the analytical solution by Joseph
and Morfey [1]. The agreement is shown to be excellent for angles below about 85.
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Figure5.1–Directivityfactorofthepressureﬁeldradiatingfromasemi-inﬁnitecylindricalductwithout
ﬂow, for ka = 50 and for three different model of sound sources. In each polar plot, the black line gives
the exact solution of the problem from the Wiener-Hopf Technique (from Gabard and Astley). The red
crosses correspond to the ﬂanged duct solution, and the blue circles to the analytic formula.
45Part III
Multi-mode directivity with ﬂow
46Chapter 6
The Lorentz Transformation
6.1 Convected wave equation
Consider a waveguide containing a uniform ﬂow in the z-direction. Let U be the speed of
the ﬂow. When no source is present inside the waveguide, the pressure ﬁeld must satisfy
the homogeneous convected wave equation:
r
2p(x;t) =
1
c2
0

@
@t
+ c0M
@
@z
2
p(x;t); (6.1.1)
where c0 is the speed of sound, M = U=c0 the Mach number, p the pressure and x the
position in the cylindrical waveguide.
If the pressure ﬁeld is assumed to be harmonic,
p(x;!) = <

p(x)e
j!t	
;
then equation (6.1.1) is equivalent to the convected Helmholtz equation:
r
2p(x;!) +

k   jM
@
@z
2
p(x) = 0 ; (6.1.2)
where k = !=c0 is the wavenumber.
6.2 Solution of the homogeneous convected wave equation
The convected equations can be solved by using the separation of variable as in the zero
ﬂow theory. However, the results can be derived more easily by using the Lorentz Trans-
form. The Lorentz Transform gives the solution of the homogeneous convected wave equa-
tion1 from the solution of the wave equation. Let p0 be a regular function which satisﬁes
1The Lorentz Transform even gives the solution of the inhomogeneous convected wave equation from the solution to
an inhomogeneous wave equation. See for example Chapman[20] for more details
47the homogeneous wave equation, i.e.

r
2  
1
c2
0
@2
@t2

p
0(x;t) = 0: (6.2.1)
Let
p(x;t) = p
0(x;y;z;t + 
M
c0
z); (6.2.2)
where  =
p
1   M2,  is an arbitrary constant, and where for any X equal to x, y or z,
X =
X

; and X =
X
2: (6.2.3)
Then, according to the results obtained by Chapman [20], p is solution of the homoge-
neous convected wave equation

r
2  
1
c2

@
@t
+ c0M
@
@z
2 
p(x;t) = 0: (6.2.4)
6.3 Solution of the homogeneous convected Helmholtz equation
These results can be extended to obtain directly the solution to the convected Helmholtz
equation. Let
p(x;t) = Re

p(x;!)e
j!t	
; (6.3.1)
p
0(x;t) = Re

p
0(x;!)e
j!t	
: (6.3.2)
(6.3.3)
p0 is solution to the wave equation if and only if it satisﬁes the Helmholtz equation, i.e.
 
r
2 + k
2
p
0(x;!) = 0: (6.3.4)
6.3.1 Cartesian coordinates
From equations (6.2.4) and (6.3.2),
p(x;t) = Re
n
p
0(x;y;z;!)e
j!(t+Mz=c0)
o
p(x;t) = Re
n
p
0(x;y;z;!)e
j!Mz=c0e
j!t
o
Combining this result with equation (6.3.1) gives
p(x;!) = p
0(x;y;z;
!

)e
j!Mz=c0: (6.3.5)
486.3.2 Polar coordinates
The previous results can be generalized to polar coordinates. Let r =
p
x2 + y2 and  the
angle deﬁned by
cos =
x
r
and sin =
y
r
: (6.3.6)
Equation (6.3.5) becomes
p(r;;z;!) = p
0(r;;z;
!

)e
j!Mz=c0: (6.3.7)
Figure 6.1 illustrates the effect of the Lorentz Transformation in cylindrical coordinates
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Figure 6.1 – Lorentz Transformation in cylindrical coordinates when  = . The coordinates with ﬂow,
denoted (r;;z), are converted to zero ﬂow coordinates, (r0;0;z0) which can be injected into the zero
ﬂow equations.
in the case when  = . This choice of  will become clear at section 7.2. The radial
and polar angles are unchanged by the transformation, whereas the z component increases
linearly. The ﬂow is equivalent to a stretching in the z-direction.
6.3.3 Spherical coordinates
Let R =
p
r2 + z2 and  be the angle deﬁned by
cos =
z
R
and sin =
r
R
: (6.3.8)
Equation (6.3.5) becomes
p(R;;;!) = p
0( ~ R;; ~ ;
!

)e
j!MRcos=(2c0); (6.3.9)
where
~ R =
q
r2 + z
2 = R
p
1   M2 sin2 ; (6.3.10)
49and ~  is deﬁned by
cos ~  =
cos
p
1   M2 sin2 
and sin ~  = 
sin
p
1   M2 sin2 
: (6.3.11)
~  can be expressed in terms of  by using the arctangent tan 1 (deﬁned between   and
+), i.e.
~  = tan
 1( tan): (6.3.12)
Figure6.3.3illustratestheeffectoftheLorentzTransformationinsphericalcoordinates,
when  =  (see section 7.2). The angle  remains the same. The radius R changes
very little at low Mach numbers, but varies almost sinusoidally when the magnitude of the
Mach number is close to one. The effect of the Lorentz Transformation on angle  is more
complex. At low Mach numbers,  remains unchanged, whereas at high Mach numbers,
the variation of  depends on its value with respect to =2:
• if   =2, the Lorentz Transformation tends to reduce slightly the value of ,
• if   =2, the Lorentz Transformation tends to increase slightly the value of .
6.4 Issues regarding the application of the Lorentz Transformation
6.4.1 The frequency factor
The Lorentz Transformation involves two parameters. The ﬁrst is  =
p
1   M2, which is
ﬁxed for a given value of the Mach number. The second is , which is problem-dependent.
The Lorentz Transformation is not unique and one must determine the value of  which
is appropriate for the problem of interest. A possible way of determining  is to use the
boundary conditions which the solution must satisfy.
6.4.2 Singular solutions
Since the solutions to the Helmholtz equation are usually continuous everywhere, the
Lorentz Transformation will only yield continuous solutions. This can be problematic
when the solution is known to have a singularity. However, this problem can be overcome
by using the acoustic velocity potential instead of the pressure ﬁeld, since p and  are not
usually singular simultaneously. Since the acoustic velocity potential , deﬁned by
u = r; (6.4.1)
is also solution of the convected wave equation, it can be derived from the zero-ﬂow veloc-
ity potential 0 through a Lorentz Transformation. In all the above equations, the pressure
ﬁeld can be replaced by the velocity potential.
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Figure 6.2 – Lorentz Transformation in spherical coordinates when  = . The coordinates with ﬂow,
denoted (R;;), are converted to zero ﬂow coordinates, (R0;0;0) which can be injected into the
zero ﬂow equations.
6.4.3 Lorentz Transformation and momentum equation
Incorrect use of the Lorentz Transformation
According to the previous paragraph, the Lorentz Transformation can a priori be applied
to both the zero ﬂow pressure and velocity potential, assuming that the expected solutions
are continuous. However, these acoustic ﬁelds are related by the conservation momentum
p
0(x;!) =  j0c0k
0(x;!): (6.4.2)
When M 6= 0, the expected acoustic ﬁelds p and  are related through a different equation
p(x;!) =  j0c0

k   jM
@
@z

(x;!) when M 6= 0; (6.4.3)
51Note that the Lorentz Transformation applied to both p0 and 0 yields expressions of p and
 that do not satisfy equation (6.4.3) because, if LT denotes the Lorentz Transformation,
LTfp
0g = LT j0c0k
0 =  j0c0
k

LTf
0g;
so that in general
LTfp
0g 6=  j0c0

k   jM
@
@z

LTf
0g:
This shows that equation (6.4.3) is not satisﬁed by LTfp0g and LTf0g. Thus, Lorentz
Transformation breaks the link between pressure and velocity potential. This feature is
illustrated in ﬁgure 6.3.
Φ0 Φ
p0 p
p0 = −jρ0c0kΦ0 p = −jρ0c0

k − jM ∂
∂z

Φ
L.T.
L.T.
Figure 6.3 – When the Lorentz Transformation (L.T.) is applied independently to the zero-ﬂow pressure
p0 and zero-ﬂow velocity potential 0, the relation between the two ﬁelds is not transformed correctly.
Correct use of the Lorentz Transformation
Consequently, the Lorentz Transformation can not be applied to both p0 and 0. In par-
ticular, equation (6.4.2) should not be used during the derivation. Thus, given the Lorentz
Transformation p obtained from p0,  should be derived using equation (6.4.3). Alterna-
tively, given the Lorentz Transformation  of 0, the pressure should also be derived using
equation (6.4.3). In order to obtain physically acceptable solutions, the Lorentz Trans-
formation must be applied to either p0 or 0. This principle is illustrated in ﬁgure 6.4.
52Φ0 Φ
p0 p
p0 = −jρ0c0kΦ0 p = −jρ0c0
 
k − jM ∂
∂z

Φ
L.T.
(a) Pressure path
Φ0 Φ
p0 p
p0 = −jρ0c0kΦ0 p = −jρ0c0
 
k − jM ∂
∂z

Φ
L.T.
(b) Velocity potential path
Figure 6.4 – Correct application of the Lorentz Transformation (L.T.). It should be applied either to p0
or to 0 and the relation between p0 and 0 should not be used in this process.
53Chapter 7
Pressure ﬁeld in a cylindrical waveguide
7.1 Solution of the convected Helmholtz equation with the Lorentz
Transformation
From equation (6.3.7), the solution of the homogeneous convected Helmholtz equation
(6.1.2) is
p(r;;z;!) = p
0(r;;z;
!

)e
j!Mz=c0; (7.1.1)
where p0 satisﬁes the homogeneous Helmholtz equation.
 
r
2 + k
2
p
0(r;;z;!) = 0; (7.1.2)
This equation has been solved in section 2. From equation (2.5.6), p0 is given by
p
0(r;;z;!) =
+1 X
m= 1
+1 X
n=1
Amn	mn(r;)e
 j0
mnkz
Expressing 0
mn in terms of k, from equation (2.5.4)
p
0(r;;z;!) =
+1 X
m= 1
+1 X
n=1
Amn	mn(r;)e
 j
p
1 2
mn=k2kz;
where mn = jmn=a. Thus, from (7.1.1),
p(r;;z;!) =
+1 X
m= 1
+1 X
n=1
Amn	mn(r;)e
 j
p
1 2
mn=k22kze
jkMz; (7.1.3)
or more concisely,
p(r;;z;!) =
+1 X
m= 1
+1 X
n=1
Amn	mn(r;)e
 j~ mnkz; (7.1.4)
54where
~ mn =
1
2
0
@
p
1   (mn=k)22
| {z }
mn
 M
1
A;
~ mn =
mn   M
2 :
(7.1.5)
7.2 Boundary conditions
From equation (7.1.4), for any mode (m;n), the modal pressure is given by
pmn(r;;z) = Amn	mn(r;)e
 j~ mnkz: (7.2.1)
The modal pressure must also satisfy the rigid wall boundary condition, i.e.
@pmn
@r
(a;;z) = 0 8(;z)
From the deﬁnition of 	mn given in equation (2.5.2),
@	mn(r;)
@r
 
  
r=a
=
@
@r

Jmn((mn=)r)
e jm
Nmn
 
  
r=a
=
mn

J
0
m((mn=)a)
e jm
Nmn
Thus, mna= must be a zero of J0
m for all (m;n) 2 Z  N. This is only possible if
 = : (7.2.2)
7.3 General expression for the in-duct pressure
Combining equations (7.1.4) and (7.2.2) gives the expression for the pressure inside the
duct,
p(r;;z;!) =
+1 X
m= 1
+1 X
n=1
Amn	mn(r;)e
 j~ mnkz; (7.3.1)
where from (7.1.5),
~ mn =
mn   M
2 and mn =
r
1  
mn
k
2
2 : (7.3.2)
55In the above equation, mn is the cut-off ratio with ﬂow, and ~ m;n the ratio between the
axial wavenumber kz and the wavenumber k. If M = 0,  = 1 which shows that this
expression of mn is consistent with its zero ﬂow deﬁnition given in equation (2.5.4).
7.4 Cut-on modes
As in the zero ﬂow case, when the Mach number is non zero, only a ﬁnite number of modes
are cut-on. A mode will propagate in the far ﬁeld if and only if
mn < 1; (7.4.1)
where
mn =
mn
k
 (7.4.2)
is the cut-on ratio with ﬂow.
Let
O =
n
(m;n) 2 Z  N
 j mn < 1
o
be the set of the cut-on modes. These cut-on modes are illustrated in ﬁgure 7.1 for ka = 20
and for various values of the Mach number. Each square represents one cut-on modes
(m;n), wheremisonthex-axisandnonthey-axis. M takes5differentvalues: 0(purple),
0.4 (green), 0.6 (blue), 0.8 (red) and 0.9 (black). Note that the cut-on condition (7.4.2)
varies with  =
p
1   M2: for low Mach numbers, the number of cut-on modes varies
little, whereas for higher Mach numbers, e.g. M > 0:6, a slight increase in the magnitude
of M results in a large increase in the number of cut-on modes.
If the cut-off modes are neglected in the expression of the sound ﬁeld in the duct, the
pressure becomes
p(r;;z;!) =
X
(m;n)2O
Amn	mn(r;)e
 j~ mnkz: (7.4.3)
7.5 Direction of propagation of a single mode with ﬂow
7.5.1 Preliminary results from ray theory
Consider a ray corresponding to a single mode. The angle between the ray and the duct
axis is denoted by . The angle between the phase velocity Uc, which is orthogonal to
the wavefronts, and the duct axis is denoted by ?. In general, the wave fronts are not
orthogonal to the mean ﬂow therefore  6= ?.
However, using the sketch presented in ﬁgure 7.2, these angles are related by,
tan =

csin?
ccos? + U

(7.5.1)
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Figure 7.1 – Cut-on modes at frequency ka=20 for various values of the absolute value of the Mach
number jMj. The purple square indicate the modes which are cut-on at ka = 20. Each additional layer
shows the modes which become cut-on when jMj increases ; jMj takes the following values : 0 (purple),
0.4 (green), 0.6 (blue), 0.8 (red) and 0.9 (black).
z
r
0
wave front at t
wave front at t + dt
cdt
Udt
Ucz dt
U cdt
ray
θ⊥ θ
Figure 7.2 – Propagation of a ray in direction  with respect to the z-axis. The wavefront is sketched
at times t and t + dt. The phase velocity U   c, normal to the wavefronts, makes an angle   with the
z-axis.
Besides, ? can be expressed in terms of the wavenumber k and the axial wavenumber
kz, as follows. The phase velocity is given by
Uc =
cdt + U cos?dt
dt
; (7.5.2)
Uc = c + U cos?: (7.5.3)
57The phase velocity in the z-direction is deﬁned by
Uc = Ucz cos?: (7.5.4)
Combining equations (7.5.3) and (7.5.4), Ucz can be expressed as
Ucz = U +
c
cos?
: (7.5.5)
The wavelength in the z-direction is by deﬁnition
z =
Ucz
f
; (7.5.6)
where f is the frequency of the wave. This wavelength is related to the axial wavenumber
by
z =
2
kz
: (7.5.7)
Combining equations (7.5.6) and (7.5.7),
Ucz =
2f
kz
=
ck
kz
: (7.5.8)
Equating equations (7.5.5) and (7.5.8), and solving for cos? gives
cos? =

k
kz
  M
 1
(7.5.9)
7.5.2 Application of ray theory to a single mode with ﬂow
Consider a single mode (m;n) travelling towards the open end of the duct. From equa-
tions (7.5.10) and (7.5.9),
tan =

csin?
ccos? + U

=

sin?
cos? + M

; (7.5.10)
where,
cos? =

k
kz   M
 1
: (7.5.11)
From equations (7.4.3) and (7.3.2),
kz =
m;n   M
2 ;
therefore equation (7.5.11) gives
cos? =
m;n   M
1   Mm;n
(7.5.12)
58Using the following trigonometric relation,
1 + tan
2  =
1
cos2 
; sin
2 ? = 1   cos
2 ?;
it is straightforward to show from equation (7.5.10) that
cos =
M + cos? p
1 + M2 + 2M cos?
:
Combining this result with equation (7.5.11) gives
cos =
m;n
p
1   M22
m;n
: (7.5.13)
sin =
m;n p
1   M22
m;n
: (7.5.14)
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Figure 7.3 – Direction of propagation of mode (m;n) inside a cylindrical duct with ﬂow.
These results are sketched in ﬁgure 7.3. They are more complex than the one encoun-
tered in the zero ﬂow theory. The results are consistent with the zero ﬂow theory, illustrated
in ﬁgure 2.6.
60Chapter 8
Pressure radiated to the far ﬁeld
The objective of this section is to derive the expression of the pressure ﬁeld in the far
ﬁeld when ﬂow is taken into account. The method follows exactly that of the zero ﬂow
theory. For each cut-on mode, the mean square far ﬁeld modal pressure pmn;f(R;;ka) is
expressed in terms of
• its transfer function jHmn(ka;)j, which will be determined by using the Lorentz
Transformation of the zero ﬂow solution, or from the Wiener-Hopf solution ;
• its modal amplitude Amn, which will depend on the sound sources present in the duct.
The total pressure will then be obtained by a summation of cut-on modal components, i.e.
jpf(R;;;!)j
2 =
 a
R
2 X
(m;n)2O
jHmn(ka;)j
2jAmnj
2 (8.0.1)
8.1 Derivation of jHmn(ka;)j
8.1.1 Solution using the Lorentz Transformation
EXHAUST PROBLEM
Pressure with ﬂow For an exhaust problem (M > 0), the velocity potential is expected
to be discontinuous because of the presence of a vorticity sheet beyond the trailing edge,
as illustrated by ﬁgure 8.1.
On the contrary, the pressure is assumed to be regular. The Lorentz Transformation
is therefore applied to the zero ﬂow results following the pressure path described in ﬁg-
ure 6.4a. From equation (3.0.2), the zero ﬂow modal pressure in the far ﬁeld is given
by
p
0
mn;f(R;;;!) =
a
R
AmnH
0
mn(ka;)e
 jme
 jkR; (8.1.1)
where (m;n) is a cut-on mode. Let p
+
mn;f be the far-ﬁeld pressure radiated from an ex-
haust duct. Using the Lorentz Transformation in spherical coordinates, deﬁned in equa-
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Figure 8.1 – For an exhaust problem (M > 0) the sheer layer creates a discontinuity of the velocity
potential but the pressure ﬁeld is regular.
tion (6.3.9), with a frequency factor  = , gives
p
+
mn;f(R;;;!) =
a
R
p
1   M2 sin2 
AmnH
0
mn(ka=;tan
 1( tan))
 e
 jme
 jkR
p
1 M2 sin2 =2
e
jkRM cos=2
; (8.1.2)
p
+
mn;f(R;;;!) =
a
R
Amn

p
1   M2 sin2 
H
0
mn(ka=;tan
 1( tan))e
 jme
 jkRS();
(8.1.3)
where
S() =
p
1   M2 sin2    M cos
2 : (8.1.4)
The function S is plotted in ﬁgure 8.2 as a function of angle  and Mach number M. It
is not an even function of M, which means that the radial wavenumber, equal to kS()
depends on the sign of M. The radial wavenumber varies between 0 (for jMj = 1) and k
(for M = 0) upstream and increases downstream up to 10k for jMj = 0:9.
−0.5
0
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M
0
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10 S(θ)
Figure 8.2 – Plot of S() for 0     and  0:9  M  0:9.
62Transfer function with ﬂow We deﬁne the in-duct to far-ﬁeld transfer function with ﬂow
for an exhaust problem, H+
mn, as
p
+
mn;f(R;;;!) =
a
R
AmnH
+
mn(ka;)e
 jme
 jkRS(): (8.1.5)
This deﬁnition is consistent with the one for the zero-ﬂow transfer function H0
mn: when
M = 0, S() = 1 and H+
mn reduces to H0
mn. Combining equations (8.1.3) and (8.1.5)
gives
H
+
mn(ka;) =

p
1   M2 sin2 
H
0
mn(ka=;tan
 1( tan)): (8.1.6)
This result is consistent with the one by Homicz and Lordi [8]. Thus, the computation of
H+
mn(ka;) from H0
mn is as follows:
• ka= is substituted for ka in H0
mn(ka;);
• tan 1( tan) is substituted for  in H0
mn(ka;).
• the result are multiplied by =
p
1   M2 sin2 .
INLET PROBLEM
For an inlet problem (M < 0), the pressure ﬁeld is expected to be singular at the open end
of the duct, as illustrated by ﬁgure 8.3. On the contrary, the velocity potential is assumed to
be regular. The Lorentz Transformation must be applied to the zero ﬂow results following
the velocity potential path described in ﬁgure 6.4b. Thus, the modal velocity potential
z
x
y
M
M
M
M
Pressure singularities
Figure 8.3 – For an inlet problem (M < 0) the pressure is singular at the open end of the duct but the
velocity potential is regular.
without ﬂow must ﬁrst be derived.
Derivation of the velocity potential The velocity potential is a solution of the wave equa-
tion that satisﬁes the same boundary condition as the pressure ﬁeld. This means that the
expression derived for modal pressure in equation (3.0.2) also applies for modal velocity
potential. However, the amplitude of the modal velocity potential is a priori different from
63that of the modal pressure. Hence, denoting the amplitude of the modal velocity potential
by Bmn and using equation (3.0.2), yields

0
mn;f(R;;;!) =
a
R
BmnH
0
mn(ka;)e
 jme
 jkR: (8.1.7)
The modal far ﬁeld velocity potential with ﬂow can then be derived by applying the
Lorentz Transformation to 0
mn;f. The result can be obtained directly by using the results
obtained for an exhaust problem. Substituting Bmn for Amn and p+
mn for 
 
mn;f in equation
(8.1.3) gives

 
mn;f(R;;;!) =
a
R
Bmn

p
1   M2 sin2 
H
0
mn(ka=;tan
 1( tan))e
 jme
 jkRS();
(8.1.8)
where H0
mn is the in-duct to far ﬁeld transfer function without ﬂow and S() the function
deﬁned in equation (8.1.4).
Derivation of the pressure The modal far ﬁeld pressure can then be derived by substituting
equation (8.1.8) into equation (6.4.3), i.e.
p
 
mn;f(R;;;!) =  j0c0

k   jM
@
@z


 
mn;f(R;;;!): (8.1.9)
The partial derivative on the right hand side can be evaluated by using the chain rule, i.e.
@
 
mn;f
@z

 
mn;fR
@R
@z
+
@
 
mn;f
@
@
@z
; (8.1.10)
where
since R =
p
r2 + z2;
@R
@z
=
z
R
= cos;
since z = Rcos; 1 =
@R
@z
cos   Rsin
@
@z
and
@
@z
=  
sin
R
:
Applying the above formulas to equation (8.1.10) and retaining only the ﬁrst order terms
(far ﬁeld approximation), gives
@
 
mn;f
@z
(R;;;!) =  jk(cos()S()   sinS
0())
 
mn;f(R;;;!): (8.1.11)
Since
S
0() =
M sin
p
1   M2 sin2 
S(); (8.1.12)
64Equation (8.1.11) is equivalent to
@
 
mn;f
@z
=  jk
 
cos()  
M sin2 
p
1   M2 sin2 
!
S()
 
mn;f(R;;;!): (8.1.13)
Combining equations (8.1.9) and (8.1.13) gives
p
 
mn;f(R;;;!) =  j0c0k

"
1   M
 
cos  
M sin2 
p
1   M2 sin2 
!
S()
#

 
mn;f(R;;;!) (8.1.14)
Simpliﬁcation of the relation between pressure and velocity potential The above equation
may be simpliﬁed as follows. Let
Y () =
p
1   M2 sin2 : (8.1.15)
The ﬁrst term under the brackets in equation (8.1.14) is given by
1   (M cos)S() = 1   (M cos)
(Y ()   M cos)
2
=
2   MY ()cos + M2 cos2 
2
=
Y ()(1   M cos)
2
Thus,
1   (M cos)S() = Y ()S() (8.1.16)
The second term under the brackets in equation (8.1.14) can also be expressed in terms of
Y (), i.e.
M2 sin2 
p
1   M2 sin2 
S() =
1   Y 2()
Y ()
S() (8.1.17)
Combining equations (8.1.16) and (8.1.17),
 
1   M cos +
M2 sin2 
p
1   M2 sin2 
!
S() =

Y () +
1   Y ()2
Y ()

S() =
S()
Y ()
:
(8.1.18)
Substituting equations (8.1.18) and (8.1.15) into equation (8.1.14) gives
p
 
mn;f(R;;;!) =  j0c0k
S()
p
1   M2 sin2 

 
mn;f(R;;;!): (8.1.19)
65This equation relates the modal pressure with the modal velocity potential. Since the modal
velocity potential has been derived in paragraph (a), it is now possible to obtain an explicit
analytical expression for the modal pressure. This will give an expression for the in-duct
to far ﬁeld transfer function.
Calculation of the in-duct to far ﬁeld transfer function Combining equations (8.1.8) and
(8.1.19) gives
p
 
mn;f(R;;;!) =  j0c0k
S()
1   M2 sin2 
a
R
BmnH
0
mn(ka=;tan
 1( tan))
 e
 jme
 jkRS() (8.1.20)
Let H 
mn be the in-duct to far ﬁeld transfer function for an inlet duct. H 
mn is deﬁned by
p
 
mn;f(R;;;!) =
a
R
AmnH
 
mn(ka;)e
 jme
 jkRS(): (8.1.21)
In order to obtain the inlet transfer function H 
mn from equations (8.1.20) and (8.1.21),
Bmn must be expressed in terms of Amn. These two coefﬁcients are respectively the modal
amplitude of the incident velocity potential wave and the modal amplitude of the incident
pressure wave, for a given cut-on mode (m;n). According to equation (7.3.1), for an inlet
duct, (
p
 
mn(x;!) = Amn	mn(r;)e
 j~ mnkz

 
mn(x;!) = Bmn	mn(r;)e
 j~ mnkz;
(8.1.22)
where x = (R;;!). Applying the relation between pressure and velocity potential, i.e.
equation (6.4.3), to p 
mn and  
mn gives
p
 
mn(x;!) =  j0c0

k   jM
@
@z


 
mn(x;!);
=  j0c0k(1   M ~ mn)
 
mn(x;!);
=  j0c0k
1   Mmn
2 
 
mn(x;!);
=  j0c0k
1   Mmn
2 Bmn	mn(r;)e
 j~ mnkz:
Comparing this result with the expression of p 
mn in equation (8.1.22) gives
Amn =  j0c0k
1   Mmn
2 Bmn; (8.1.23)
so that
Bmn =
2
 j0c0k(1   Mmn)
Amn: (8.1.24)
66Substituting equation (8.1.24) into equation (8.1.21) gives
p
 
mn;f(R;;;!) =
a
R
3
1   Mmn
S()
1   M2 sin2 
AmnH
0
mn(ka=;tan
 1( tan))e
 jme
 jkRS(): (8.1.25)
Comparing this result with the deﬁnition of H 
mn given in equation (8.1.21),
H
 
mn(ka;) =
3
1   Mmn
S()
1   M2 sin2 
H
0
mn(ka=;tan
 1( tan)): (8.1.26)
Substituting S() with its deﬁnition, i.e. equation (8.1.4), gives
H
 
mn(ka;) =

1   Mmn
p
1   M2 sin2    M cos
1   M2 sin2 
H
0
mn(ka=;tan
 1( tan)) :
(8.1.27)
Note that this result differs from the one suggested by Homicz and Lordi [8]. In that paper,
it is thought that cos  should be replaced by cos ~   in the equation following equation
(10c); in that case, Homicz and Lordi’s results would be consistent with our expression of
Hmn for M < 0.
GEOMETRICAL INTERPRETATION OF THE RADIATED WAVE
The expressions of the transfer functions for an exhaust and an inlet problem, given in
equations (8.1.6) and (8.1.27), can be used to derive the direction of the main radiation
lobe for mode (m;n). From the zero ﬂow theory, H0
mn(ka;) is maximum when
cos = 
0
mn
Thus, H0
mn(ka=;tan 1( tan)) is maximum when
cos(tan
 1( tan)) = 
0
mn(ka=) = mn;
, i.e. when
cos
p
1   M2 sin2 
= mn: (8.1.28)
Solving for cos gives
cos =

p
1   2M2 (8.1.29)
This shows that, whatever the sign of M, the direction of the main radiation lobe, denoted
by mn, is given by
cosmn =
mn
p
1   2
mnM2: (8.1.30)
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Figure 8.4 – Direction of the main lobe of radiation in the far ﬁeld for mode (m;n) with ﬂow.
Note that mn corresponds to the direction of propagation of mode (m;n) inside the duct
when it is seen as a ray, as illustrated in ﬁgure 7.3. Thus, for a single mode, the direction of
maximum radiation in the far ﬁeld corresponds to the direction of propagation of the mode
inside the duct. The direction of the main radiation lobe for mode (m;n) is illustrated in
ﬁgure 8.4.
8.1.2 Solution using the Wiener-Hopf Technique
The sound radiated from a duct with ﬂow has also been derived by Gabard and Astley by
using the Wiener Hopf Technique [14]. Their results are reproduced below using the above
notation. The modal pressure p
mn for both positive and negative Mach numbers is given
by
p

mn(R;;!) =
a
R
Amn
V (us;ka)

p
1   M2 sin2 
e
j(m+1)=2e
 jkRS(); (8.1.31)
where
us =
cosmn   M
2 ; (8.1.32)
V (us;ka) = ka
(1   usM)2
p
(1   usM)2   u2
s
F+(us)
H
(1)0
m ((us)ka)
; (8.1.33)
with F+(us) = Bmne
jm (1   ~ mnM)(~ mn)2(us)2
ka(us   M 1)2(~ mn   M 1)
~ K (~ mn)
~ K+(us)

u   M 1
u   ~ mn
  

;
(8.1.34)
and (u) =
p
(1   uM)2   u2: (8.1.35)
In the deﬁnition of F+,  represents the amount of vortex shedding. If  = 1, the maximum
amount of vorticity is shed from the duct trailing edge (Kutta condition). This occurs for an
exhaust problem. For an inlet duct, there is no vortex shedding and  = 0. The functions
~ K+ and ~ K  are obtained by factorizing the Wiener-Hopf kernel K(u) as follows
K(u) =
~ K (u)
~ K+(u)
(u   M
 1)
2; (8.1.36)
68where ~ K+ and ~ K  are non zero and regular and
K(u) = (1   uM)
2(u)
 
Jm(ka(u)
J0
m(ka(u)
 
H
(1)
m (ka(u))
H
(1)0
m (ka(u))
!
: (8.1.37)
Note that the factorization of K(u) is a difﬁcult task. The interested reader can refer to
Gabard and Astley [14] for more details.
8.1.3 Validation of the Lorentz Transformation
In section 8.1.1, the modal transfer function Hmn is derived by applying the Lorentz Trans-
formation to the zero ﬂow solution. In that case, Hmn is expressed in terms of the zero ﬂow
transfer function H0
mn, as illustrated by equations (8.1.6) and (8.1.27). This gives a ﬁrst
method to calculate Hmn. A second method consists in using the Wiener-Hopf Technique,
as presented in section 8.1.2, which gives an exact result.
Figure 8.5 shows a comparison of the transfer functions Hmn obtained from each
method, for ka = 20. In each ﬁgure, the thick black line represents the modal direc-
tivity obtained from the Wiener-Hopf Technique, while the thin white line represents the
modal directivity obtained from the Lorentz Transformation. Two modes are considered,
i.e mode (1;1) and mode (8;5), as well as two different values for the Mach number,
which are M =  0:6 (inlet duct) and M = 0:6 (exhaust duct). Note that for ka = 20 and
jMj = 0:6, mode (1;1) is well cut-on whereas mode (8;5) is nearly cut-off. Thus, each
sub-ﬁgure represents the directivity, obtained by two different methods, for one mode and
one value of the Mach number.
In all ﬁgures, the white line lies exactly on top of the thick black line, which shows that
the Lorentz Transformation gives exactly the same result than the Wiener-Hopf Technique.
This is true in all cases: for an inlet duct or an exhaust duct, and for a well cut-on mode or
a nearly cut-off mode. These results validate the methodology allowing the calculation of
the far ﬁeld transfer functions with ﬂow from the Lorentz Transformation.
Another important result is that the directivity is almost independent of the sign of M.
The directivities for M =  0:6 are almost identical to that for M = 0:6. Actually, the
angular position of the main lobe, zeros and secondary lobes are the same. Moreover,
the magnitude is nearly identical for  < =2. Therefore, in the following ﬁgures, the
directivities will only be plotted for positive values of M.
8.1.4 Validation of the ﬂanged duct transfer functions
The ﬂanged duct transfer functions, obtained by applying the Lorentz Transformation
method and using the ﬂanged duct approximation of the zero ﬂow transfer functions, are
compared to Wiener-Hopf solution in ﬁgure 8.7. The Wiener-Hopf directivities are plot-
ted in black, and the ﬂanged duct directivities in dotted red. Two modes are considered at
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Figure 8.5 – Comparison of the modal transfer functions with ﬂow from the zero ﬂow solution given
by the Wiener Hopf Technique followed by a Lorentz Transformation (thin white line), or the direct
solution with ﬂow from the Wiener Hopf Technique (thick black line). The results are given at ka=20,
M=-0.6 and 0.6, for two different modes. Mode (1,1) is well cut-on (1;1 = 0:99) and mode (8,5) is
close to cut-off (8;5 = 0:18).
frequency ka = 20 and Mach number M = 0:6; mode (1,2) is a well cut-on mode (ﬁgure
8.7a), and mode (8,5) is close to cut-off (ﬁgure 8.7b).
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Figure 8.6 – Comparison of the modal transfer functions obtained by using a ﬂanged duct model to-
gether with a Lorentz Transformation, or the exact direct Wiener Hopf Technique. The frequency is
ka=20 and two modes are considered. A well cut-on mode, (1,2), and a nearly cut-off mode, (8,5). The
results are given for M=-0.6.
In both cases, the ﬂanged duct transfer function with ﬂow is in good agreement with
the exact Wiener-Hopf Technique. However, the level of agreement varies with the cut-off
ratio. On the one hand, the agreement is very good for modes which are well cut-on. For
these modes, the position and magnitude of almost all the secondary lobes is estimated
correctly, the accuracy reducing only above 85. On the other hand, for modes which are
close to cut-off, the ﬂanged duct solution predicts correctly the position and magnitude of
the main lobe but is less accurate for the secondary lobes: though the position is estimated
precisely, the magnitude is slightly under estimated. In conclusion, the ﬂanged duct model
is very accurate for well cut-on modes, and slightly less so for almost cut-off modes. In all
cases, it predicts exactly the position of the main lobe. The ﬂanged duct transfer functions
should therefore give a good approximation of the multi-mode directivity.
8.1.5 Variation of the modal directivity with Mach number
Figure 8.7 shows the variation of the single mode directivity with Mach number. The Mach
number is successively equal to 0, 0.6 and 0.9. The frequency is ka = 20. Two modes are
considered, a mode which is well cut-on when M = 0, i.e mode (8,1) (top sub-ﬁgures),
and a mode which is close to cut-off, i.e mode (7,4) (bottom sub-ﬁgures).
Inallcases, increasingtheMachnumberresultsinanincreaseinthenumberthenumber
of secondary lobes. However, the effect on the direction of the main radiation lobe depends
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Figure 8.7 – Variation of the modal transfer function with Mach number for mode (8;1) which is well cut-on at
zero Mach number (top), and mode (7;4) which is almost cut-off at zero Mach number (bottom). The direction of
the main lobe varies little for mode (8;1) and signiﬁcantly for mode (7;4). The frequency is ka=20.
on the cut-off ratio of the mode at M = 0. Thus, if the mode is well cut-on for zero ﬂow,
then the direction of the main radiation lobe remains the same, as illustrated by mode (8;1).
On the contrary, if the mode is close to cut-off for zero ﬂow, then the main radiation lobe
tends to move towards the duct axis, as illustrated by mode (7;4). This can be explained as
follows. From equation (8.1.30), the direction of the main radiation lobe is given by
mn = cos
 1
 
mn
p
1   2
mnM2
!
: (8.1.38)
72The cut-off ratio is related to the zero ﬂow cut-off ratio by
mn =
p
(0
mn)22 + M2: (8.1.39)
Combining equations (8.1.38) and (8.1.39) gives
mn(
0
mn) = cos
 1
  p
(0
mn)22 + M2
p
1   ((0
mn)22 + M2)M2
!
: (8.1.40)
Figure 8.8 shows the variation of the main radiation lobe mn as a function of the zero ﬂow
cut-off ratio 0
m;n, for various values of the Mach number. For well cut-on modes, 0
m;n is
close to one, and mn varies little with the Mach number. On the contrary, for modes close
to cut-off, 0
m;n is close to zero, and mn varies signiﬁcantly with Mach number.
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Figure 8.8 – Direction of the main radiation lobe mn as a function of the zero ﬂow cut-off ratio for
Mach numbers of 0, 0.3, 0.6 and 0.9. The angle mn varies signiﬁcantly for modes which are close to
cut-off when M = 0, and little for modes which are well cut-on when M = 0.
8.2 Mode weighting models
8.2.1 Green’s function in a rigid wall inﬁnite cylinder with ﬂow
Let G(xjy;!) be the harmonic Green’s function in a rigid wall inﬁnite duct with ﬂow. The
Green function G satisﬁes
r
2G(xjy;!) +

k   jM
@
@z
2
G(xjy;!) =  (x   y): (8.2.1)
73The Laplacian can be projected in the plane xy, i.e
r
2 = r
2
? +
@2
@z2;
so that (8.2.1) is equivalent to
r
2
?G(xjy;!) +
@2
@z2G(xjy;!) +

k   jM
@
@z
2
G(xjy;!) =  (x   y): (8.2.2)
In the following derivation, the coordinates of x and y will be denoted by (x1;x2;x3) and
(y1;y2;y3). The projection of x and y on the xy-plane will be denoted by xs and ys.
Assume that G is of the form
G(xjy;!) =
X
(m;n)2O
	mn(xs)Fmn(x3): (8.2.3)
Then, equation (8.2.2) implies that
X
(m;n)2O

r
2
?	mn(xs)

Fmn(x3)+	mn(xs)


2 @2
@z2   2j
@
@z
+ k
2

Fmn(x3) =  (x y)
(8.2.4)
Using the properties (2.4.3) and (2.4.5) of the mode shape functions, multiplying (8.2.4)
by 	
ql(xs), and integrating over a duct cross section A gives
8(m;n) 2 O;


2 @2
@z2   2j
@
@z
+ k
2

Fmn(x3) =  
1
A
	

ql(ys)(x3   y3): (8.2.5)
Thisinhomogeneousdifferentialequationcanbesolvedbyusingthemodematchingmethod
on the left and right sides of the cross section x3 = y3. The main results are presented be-
low. The solutions of the homogeneous differential equation are as follows:
if x3 < y3; Fql(x3) = Ce
jK x3; where K
  =
ql + M
1   M2 k
if x3 > y3; Fql(x3) = De
jK+x3; where K
+ =
ql   M
1   M2 k
The two solutions are matched by integrating equation (8.2.5) in the region
y3     x3  y3 + ;
74and letting  tend towards 0. This gives
C =  
j
2Aqlk
	

ql(ys)e
jK (x3 y3);D =  
j
2Aqlk
	

ql(ys)e
 jK+(x3 y3):
Fmn can be expressed in a compact form for all values of x3, i.e.
Fql(x3) =  
j
2Aqlk
	

ql(ys)e
 jk(qljx3 y3j M(x3 y3))=2
: (8.2.6)
Substituting equation (8.2.6) into equation (8.2.3)y gives the
G(xjy;!) =
X
(m;n)2O
 
j
2Amnk
	mn(xs)	

mn(ys)e
 jk(mnjx3 y3j M(x3 y3))=2
: (8.2.7)
When x3 > y3, the parameter ~ mn, which has been deﬁned in equation (7.3.2), can be used
to simplify the above expression, i.e.
G(xjy;!) =
X
(m;n)2O
 
j
2Amnk
	mn(xs)	

mn(ys)e
 jk~ mn(x3 y3): (8.2.8)
8.2.2 Generalization of the Kirchhoff-Helmholtz equation with ﬂow
An equation similar to the Kirchhoff-Helmholtz equation can be derived when the mean
ﬂow is irrotational, which is the case in this study. Let G(xjy;!) be a Green’s function
satisfying equation (3.2.2). Let Qvol(y) be a volume distribution of acoustic sources in a
volume V surrounded by a surface S. Following the results presented by Howe [21], the
pressure ﬁeld is given by
p(x;!) =
Z
V
Qvol(y;!)G(xjy;!) d
3y+
Z
S

G(xjy;!)
@p
@yi
(y;!)   p(y;!)
@G
@yi
(xjy;!)

(ij   MiMj) +
2j!Mj
c0
p(y;!)G(xjy;!)

nj d
2S(y): (8.2.9)
If the Green’s function is the one derived in section 8.2.1, the surface integral vanishes
everywhere except at the open end of the duct. This means that the pressure ﬁeld generated
by a volume distribution Q(y;!) is of the form
p(x;!) =
Z
V
Qvol(y;!)G(xjy;!) d
3y + p
0(x;!); (8.2.10)
where p0(x;!) is a wave reﬂected from the open end of the duct. At high frequency, the
reﬂected wave can be expected to be negligible in comparison with the incident wave so
75that the following approximation can be made,
p(x;!) =
Z
V
Qvol(y;!)G(xjy;!) d
3y; (8.2.11)
which is identical to the zero-ﬂow Kirchhoff-Helmholtz equation.
In the following sections, this formula will be applied with different models of volume
source distributions. To simplify the notation, each point y will be decomposed as (ys;y3).
8.2.3 Uniform distribution of incoherent monopoles
Let Qvol(y;!) be a distribution of incoherent monopoles located at y3 = z0. The term Qvol
can be expressed as
Qvol(y;!) = 0c0jqs(ys;!)

k   jM
@
@y3

(y3   z0); (8.2.12)
Qvol(y;!) = 0c0jqs(ys;!)(k(y3   z0)   jM
0(y3   z0)); (8.2.13)
where qs(ys;!) is a volume velocity source per unit surface. Since the monopoles are
incoherent, qs has the following property
E

qs(ys;!)qs(y
0
s;!)
	
= 2Q2
sA(ys   y
0
s); (8.2.14)
where Q2
s is the mean square volume velocity per unit surface of the monopoles. In equa-
tion (8.2.13), the derivative of the Dirac delta function is taken in the sense of the derivative
of a distribution, which is deﬁned by the following property
Z +1
 1
f(y3)
0(y3   z0) dy3 =  
Z +1
 1
f
0(y3)(y3   z0) dy3 =  f
0(z0): (8.2.15)
From equation (8.2.11),
p(x;!) =
Z
V
Qvol(y;!)G(xjy;!) d
3y =
Z
A
Z 0
 1
l(ys;!) dy3 dys; (8.2.16)
where
l(ys;!) =
Z 0
 1
Qvol(y;!)G(xjy;!) dy3: (8.2.17)
Combining equations (8.2.13) and (8.2.17) gives
l(ys;!) =
Z 0
 1
0c0jqs(ys;!)kG(xjy;!)(y3   z0) dy3
 
Z 0
 1
0c0qs(ys;!)M
@G
@y3
(xjy;!) dy3 (8.2.18)
76From equations (8.2.15) and (8.2.18),
l(ys;!) = 0c0jqs(ys;!)kG(xjy;!)
  
y3=z0
 0c0q(ys;!)M
@G
@y3
(xjy;!)
   

y3=z0
: (8.2.19)
Substituting (8.2.19) into (8.2.16) gives
p(x;!) = 0c0j
Z
A
qs(ys;!)kG(xjy;!)
 

y3=z0
 0c0qs(ys;!)M
@G
@y3
(xjy;!)
   

y3=z0
d
2ys:
(8.2.20)
If x3 > z0, then y3 = z0 ! x3 > y3, and from equation (8.2.8),
G(xjy;!) =
X
(m;n)2O
 
j
2Amnk
	

mn(ys)	mn(xs)e
 j~ mnk(x3 y3) (8.2.21)
@G
@z
(xjy;!) =
X
(m;n)2O
 
~ mn
2Amn
	

mn(ys)	mn(xs)e
 j~ mnk(x3 y3) (8.2.22)
Substituting (8.2.21) and (8.2.22) into equation (8.2.20) gives
p(x;!) = 0c0
X
(m;n)2O
1   M ~ mn
2Amn
e
j~ mnky3
Z
A
q(ys;!)	
(ys) d
2ys

	mn(xs)e
 j~ mnkx3:
(8.2.23)
From the general expression of p given in equation (2.5.1), the modal amplitude coefﬁcient
Amn is given by
Amn = 0c0
1   M ~ mn
2Amn
e
j~ mnky3
Z
A
qs(ys;!)	
(ys) d
2ys: (8.2.24)
Thus,
E

jAmnj
2	
= 
2
0c
2
0

1   M ~ mn
2Amn
2

Z
A0
Z
A
	

mn(ys)	mn(y
0
s)E

qs(ys;!)q
2
s(y
0
s;!)
	
d
2ys d
2y
0
s (8.2.25)
Since the monopoles are assumed to be incoherent, from equation (8.2.14),
E

jAmnj
2	
= 
2
0c
2
0Q2
sA

1   M ~ mn
2Amn
2 Z
A
j	mn(y
0
s)j
2 d
2ys;
E

jAmnj
2	
=
2
0c2
0
4
Q2
s

1   M ~ mn
mn
2
:
77Expressing ~ mn in terms of mn gives the modal amplitude for a uniform distribution of
incoherent monopoles, i.e.
E

jAmnj
2	
=
2
0c2
0
2
Q2
s
(1   Mmn)2
2 
 2
mn; (8.2.26)
which is the result derived by Joseph et al. [15], although they did not use the Green’s
function but a mode matching method. If M = 0, the above formula gives the result for
zero ﬂow (see section 3.2.1).
8.2.4 Uniform distribution of incoherent axial dipoles
In the case of a uniform distribution of incoherent axial dipoles, the derivation follows
closely the one for zero ﬂow presented in section 3.2.2. The volume distribution of sources
Qvol is again given by
Qvol(y) =  ry  fvol(y); (8.2.27)
where
fvol(y) = fs(ys)(y3   z0)ez: (8.2.28)
fs(ys) is a force per unit surface and ez is the unit vector in the z-direction. At high
frequency, thepressurewavegeneratedintheductisgivenbyequation(8.2.11)whichisthe
one used in the zero ﬂow. Consequently, the part of the derivation presented at section 3.2.2
for which the Green’s function is not replaced by its value remains applicable. Thus, from
equation (3.2.9),
p(x;!) =  
Z
A
@G(xjy;!)
@y3
  
y3=z0
fs(ys;!) d
2ys: (8.2.29)
Substituting (8.2.22) in equation (8.2.29), and assuming x3 > y3,
p(x;!) =
X
(m;n)2O
~ mn
2Amn
	mn(xs)e
 j~ mnk(x3 z0)
Z
A
	

mn(ys)fs(ys;!) d
2ys: (8.2.30)
Comparing (8.2.30) with the general expression for p(x;!) gives
Amn =
~ mn
2Amn
e
j~ mnkz0
Z
A
	

mn(ys)fs(ys;!) d
2ys (8.2.31)
A comparison of this result with that obtained in the zero- case in equation (3.2.10) shows
that the absolute value of Amn is related to A0
mn by
jAmnj =
~ mn
mn
jA
0
mnj
78Thus,
E

jAmnj
2	
=

~ mn
mn
2
E

jA
0
mnj
2	
Combining this result with equation (3.2.11) gives
E

jAmnj
2	
=

~ mn
mn
2 F 2
s
2
;
where F 2
s is the mean square force per unit surface of the axial dipole distribution. From the
deﬁnition of ~ mn given in equation (7.3.2), the weighting model for a uniform distribution
of dipoles is given by
E

jAmnj
2	
=
F 2
s
2

mn   M
mn
2
: (8.2.32)
This result is again equivalent to the one obtained by Joseph et al. [15]. If M = 0, this
expression reduces to (7.3.2).
8.2.5 Equal power per mode
The power transmitted along the duct through section z is given by
W(z) =
Z
A
Iz(ys;z) d
2ys; (8.2.33)
where Iz(ys;z) is the axial acoustic intensity.
Acoustic intensity in an isentropic and irrotational ﬂow
From [22, 23], a generalized deﬁnition of the time averaged intensity I, valid for an isen-
tropic and irrotational mean ﬂow, is given by
I =< pu > +
M
0c0
< p
2 > +M < p(u  M) > +0c0 < u(u  M) >; (8.2.34)
where M = U=c0 is the velocity of the mean ﬂow divided by c0, and u is the acoustic
velocity.
Acoustic intensity in the duct and transmitted power
Let Iz be the acoustic intensity transmitted along the duct. In this problem, M = (0;0;M),
so that equation (8.2.34) becomes
Iz(ys;z) =
1
2

M
0c0
jp(y;!)j
2 + 0c0Mjuz(y;!)j
2 + (1 + M
2)Refp(y;!)u

z(y;!)g

:
(8.2.35)
79Thus, from equations (8.2.33) and (8.2.35), W(z) can be expressed as
W(z) =
Z
A
M
20c0
jpj
2 d
2ys +
Z
A
1
2
0c0Mjuzj
2 d
2ys + Re
Z
A
1
2
(1 + M
2)pu

z d
2ys

;
(8.2.36)
where the coordinates (ys;z;!) have been omitted for simplicity. The acoustic velocity in
the z-direction, uz can be derived from the acoustic velocity potential, i.e.
uz(y;!) =
@
@z
(y;!): (8.2.37)
The acoustic velocity potential in the duct has been discussed in section 8.1.1 for the inlet
duct, where M  0, but equations (8.1.22) and (8.1.24) are also applicable when M > 0.
Thus, the velocity potential in the duct is given by
(y;!) =
2
 j0c0k
X
(m;n)2O
Amn
1   Mmn
	mn(ys)e
 j~ mnkz: (8.2.38)
Substituting (8.2.38) in (8.2.37) gives
uz(y;!) =
1
0c0
X
(m;n)2O
mn   M
1   Mmn
Amn	mn(ys)e
 j~ mnkz: (8.2.39)
The general expression for p has been given in equation (7.3.1), which is reproduced below:
p(y;!) =
X
(m;n)2O
Amn	mn(ys)e
 j~ mnkz: (8.2.40)
Using the property (2.4.5) of the mode shape functions, it is straightforward to show
from (8.2.39) and (8.2.40) that
Z
A
jpf(ys;z;!)j
2 d
2ys =
X
(m;n)2O
jAmnj
2A
Z
A
juz(ys;z;!)j
2 d
2ys =
1
0c0
X
(m;n)2O

mn   M
1   Mmn
2
jAmnj
2A
Z
A
p(ys;z;!)u

z(ys;z;!) d
2ys =
1
0c0
X
(m;n)2O

mn   M
1   Mmn

A
(8.2.41)
Substituting (8.2.41) into (8.2.36) gives
W(z) =
1
2
X
(m;n)2O
A
0c0
jAmnj
2

M + M

mn   M
1   Mmn

+ (1 + M
2)

mn   M
1   Mmn

:
80After some algebra,
W =
A
20c0
X
(m;n)2O

1   M2
1   mnM
2
mnjAmnj
2 : (8.2.42)
Equal power per mode model
Thus, the expected value of the modal power is
E

Wmn
	
=
A
20c0

1   M2
1   mnM
2
mnE

jAmnj
2	
: (8.2.43)
If the power is equally shared between all the propagating modes, the modal power is
constant, say
Wmn = W0;
and from equation (8.2.43)
E

jAmnj
2	
= 20c0
W0
A

1   mnM
1   M2
2

 1
mn: (8.2.44)
If M = 0, this expression is identical to the one found in the zero ﬂow theory.
8.2.6 General expression of the modal amplitude
The modal amplitude distribution for the above models can be written in general form.
From equations (8.2.26), (8.2.32) and (8.2.42),
E

jAmnj
2	
= F;;(mn) = P
2
;;

M   mn
1   M2
2 
1   mnM
1   M2
2 1


mn
; (8.2.45)
where the values taken by P;; and (;;) depend on the source model, as illustrated in
table 8.1. Note that the expressions for P;; are identical to the ones found in the zero ﬂow
case (see table 3.2.4). Besides, the formula given in equation (8.2.45) differs slightly from
previous results by Joseph et al. [15]. The above formula is more general and contains an
additional parameter, , which allows to include to take into account the equal power per
mode model.
Monopole Dipole Equal Power
P;; 0c0(Q2
s=2)1=2 (F2
s =2)1=2 (20c0W0=A)1=2
(;;) (0,1,2) (1,0,2) (0,1,1)
Table 8.1 – modal amplitudes for three model of sources in a semi-inﬁnite cylindrical duct with ﬂow
Figure 8.9 shows the variation of function F;; for the above source models, for M
81varying between  0:9 and 0:9, and m;n varying between 0 and 1. The modal amplitude
F;; follows the same trend for a uniform distribution of incoherent monopoles, and an
equal power per mode model. The modal amplitude for a uniform distribution of axial
dipoles is different. For this type of source, the modal amplitude goes to zero along the
line m;n = M (for M > 0). This is consistent with the fact that dipole sources usually
generate destructive interferences: in free ﬁeld the sound ﬁeld generated by a dipole is zero
in the direction orthogonal to the dipole’s direction. However, this phenomenon does not
occur for negative values of the Mach number. This is due to the fact that we are studying
the wave travelling from the source to the open end of the duct. Symmetrically, the modal
amplitude distribution for the wave travelling between the source and the inﬁnite side of
the duct, would have zeros for negative Mach numbers.
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(a) Uniforms distribution of incoherent monopoles:
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(b) Uniforms distribution of incoherent axial
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(c) Equal power per mode model: (;;)=(0,1,1)
Figure 8.9 – Logarithmic plots of the weighting model F;; as a function of cut-off ratio mn and
Mach number M for various source models. The cut-off ratio varies between 0.1 and 1 and the Mach
number between -0.9 and 0.9.
828.3 High frequency approximation for the multi-mode far ﬁeld direc-
tivity
8.3.1 Introduction
The aim in this section is to derive a simple analytic formula for the multi-mode directivity
function with ﬂow for a general source distributions such as those presented in section 8.2.
The proof relies in observing that the power radiated from the duct in a particular direction
is approximately equal to that travelling along the duct in that same direction (neglecting
the reﬂected wave). Since for a given source, the power travelling in the duct in any di-
rection can be obtained easily, this allows the estimation of the far ﬁeld power in an any
direction. Moreover, the far ﬁeld power radiated in a particular direction is related to the di-
rectivity of the pressure ﬁeld through the radial intensity. Thus, these energy considerations
give one method the estimate analytically the pressure directivity in the far ﬁeld.
8.3.2 Far ﬁeld intensity with ﬂow
The time averaged intensity in the radial direction, denoted by IR, is derived from equa-
tion (8.2.34), which gives
IR(R;;;!) =
1
2
 Re

pfu

R;f + 0c0Muz;fu

R;f +
M cos
0c0
pfp

f + M
2 cospu

z;f

; (8.3.1)
where the coordinates (R;;;!) have been omitted on the right hand side for simplic-
ity. The velocities uR;f and uz;f can be derived from the velocity potential, which can be
expressed in terms of the acoustic pressure.
Expression of the velocity potential as a function of pressure
Equation (8.1.20) gives the relation between pressure and velocity potential. It has been
derived for an inlet duct but is equally valid in the case of an exhaust duct. In addition,
the relation is identical for all cut-on modes so pf can be substituted for pmn;f. Thus, for
positive and negative Mach numbers,
pf(R;;;!) =  j0c0k
S()
p
1   M2 sin2 
f(R;;;!);
or equivalently,
f(R;;;!) =
1
 j0c0k
Y ()
S()
pf(R;;;!); (8.3.2)
where Y () =
p
1   M2 sin.
83Derivation of uR;f and uz;f
The velocities uR;f and uz;f can be derived from the velocity potential. By deﬁnition of
mn,
uR;f =
@mn
@R
; (8.3.3)
u =
1
R
@mn
@
: (8.3.4)
In addition,
uz;f = uR;f cos   u sin: (8.3.5)
Combining equations (8.3.3), (8.3.4), and (8.3.5) with equation (8.3.2) gives
uR;f =
Y ()
0c0
p (8.3.6)
uz;f =

Y ()
0c0
cos  
M sin2 
0c0

pf (8.3.7)
Note that only the ﬁrst order terms have been retained in these two equations and that the
following properties of pf have been used
@pf
@R
=  jkS()pf + O(1=R);
1
R
@pf
@
=  jkS
0()pf + O(1=R):
Far ﬁeld intensity
Substituting equations (8.3.6) and (8.3.7) into (8.3.1) gives
IR(R;;;!) =
jpfj2
20c0


Y + (MY cos   M
2 sin
2 )Y + M cos + M
2 cos(Y cos   M sin
2 )

This expression can be simpliﬁed by substituting 1   Y 2 for the M2 sin2  terms, and by
gathering the remaining M cos terms. After some algebra,
IR(R;;;!) =
jpfj2
20c0

Y ()(Y () + M cos)
2
=
jpfj2
20c0
F(): (8.3.8)
Multiplying F() by (Y ()   M cos)2,
(Y ()   M cos)
2F() = Y ()(Y
2()   M
2 cos
2 )
2 = Y ()(1   M
2)
2 = 
4Y ();
84so that
F() =
4
(Y ()   M cos)2Y (); (8.3.9)
or
F() =
p
1   M2 sin2 
S()2 : (8.3.10)
Substituting equation (8.3.9) into (8.3.8) gives
IR(R;;;!) =
jpfj2
20c0
F(): (8.3.11)
Thus, IR is equal to the mean intensity of a plane wave multiplied by a directivity function
F(), which is plotted in ﬁgure 8.10. The ﬁgure shows that, if M > 0, the intensity is
maximum along the axis of the duct, that is for  = 0, and it tends to zero for  = .
In particular, if the Mach number tends to 1, the intensity travelling upstream tends to 0.
Similarly, if M < 0, the intensity is maximum for  =  and tends to zero for  = 0. If
the Mach number tends to  1, the intensity travelling upstream tends to 0. As could be
expected, if the mean ﬂow is signiﬁcantly large in comparison with the speed of sound, it
prevents the radiation of sound in the upstream direction.
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Figure 8.10 – F() as a function of  and M, for  between 0 and  and M between -0.9 and 0.9.
8.3.3 Far ﬁeld power with ﬂow radiated in direction 
Consider the surface S deﬁned, in the spherical coordinate system (R0;0;0) by
8
> > <
> > :
R
0 = R;
0  
0  2;
  
0   + d:
85By deﬁnition of the time average acoustic intensity, the mean power radiated to the far ﬁeld
through surface S, denoted by E

dWf()
	
, is given by
dWf() =
Z
S
IR(R;;
0;!) d
2ys;
dWf() =
Z 2
0
Z +d

IR(R;;;!)R
2 sin
0 d
0 d
0:
From equation (8.3.11),
dWf() =
R2
0c0
jpfj
2F()sind: (8.3.12)
Taking the expected value of the above equation,
E

dWf()
	
=
R2
0c0
E

jpfj
2	
F()sind: (8.3.13)
8.3.4 Relation between far ﬁeld power and in-duct power
z
r
0
far ﬁeld
θ
θ + dθ
dWf(θ)
dW(θ)
Figure 8.11 – Relation between power transmitted along the duct between angles  and +d, denoted
by dW(), and power radiated to the far ﬁeld between angles  and  + d, denoted by dWf(). If the
open-end of the duct is acoustically transparent, dW() = dWf().
Consider the sound power dWf() radiated to the far ﬁeld between angles  and +d.
Interpreting the acoustic waves in terms of rays, dWf() is given by the sum of the powers
carried along by the rays travelling between angles  and  +d. Assuming that no energy
is lost at the open-end of the duct, the power transported by one ray into the far ﬁeld is
equal to the power transported by that same ray inside the duct. This is illustrated in ﬁgure
8.11. Thus, dWf() is equal to the power transported inside the duct by rays travelling
86between angles  and  + d, which is denoted by dW(), i.e
dWf() = dW() (8.3.14)
8.3.5 In duct power transmitted in direction 
Interpreting the modes in terms of rays, the in-duct power transmitted along the duct be-
tween  and  + d is the sum of the modal power transmitted by each mode travelling in
a direction contained between  and  + d. From ﬁgure 8.4, the direction of propagation
of mode (m;n) with ﬂow is given by
cosmn =
mn
p
1   2
mnM2;
therefore
dW() =
X
(m;n)2O
Wmn; (8.3.15)
where
O = f(m;n) 2 O such that   mn   + dg: (8.3.16)
Combining equations (8.2.43) and (8.2.45), the expected value of the modal power for the
idealized source distributions studied previously can be expressed as,
E

Wmn
	
=
A
20c0
L;;(mn); (8.3.17)
where
L;;(mn) = P
2
;;(1   M
2)
2(1  )(M   mn)
2(1   mnM)
2( 1)
1 
mn : (8.3.18)
The function L;; is plotted in ﬁgure 8.12 for a distribution of incoherent monopoles and
a distribution of incoherent axial dipoles. The case of an equal power per mode distribution
has not been plotted since, in that case, L;; is constant. Thus, by deﬁnition of dW()
and O,
E

dW()
	
=
A
20c0
X
(m;n)2O
L;;(mn) ; (8.3.19)
For all (m;n) 2 O, mn   because d  , therefore
mn =
cosmn p
1   M2 sin2 mn

cos
p
1   M2 sin2 
= (): (8.3.20)
Substituting this result into equation (8.3.19), the in-duct power travelling in direction 
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(a) Uniform distribution of incoherent monopoles,
(;;)=(0,1,2).
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Figure 8.12 – Modal power function L;; plotted as a function of Mach number M and cut-off ratio
mn. The cut-off ratio varies between 0 and 1 and the Mach number between -0.9 and 0.9.
can be expressed as
E

dW()
	
=
A
20c0
X
(m;n)2O
G;;(); (8.3.21)
where
G;;() = L;;(()): (8.3.22)
Thus,
E

dW()
	
=
A
20c0
Card

O

G;;(); (8.3.23)
where Card

O

is the number of modes in O.
Derivation of O. To estimate Card

O

, we introduce the function N() deﬁned as the
number of modes (m;n) such that mn  , i.e.
N() = Card

f(m;n) 2 O such that mn  g

(8.3.24)
By deﬁnition of N(),
Card

O

= N( + d)   N(): (8.3.25)
88Since d  , the above expression can be expressed in terms of the derivative of N(),
denoted by N0(),
Card

O

= N
0()d (8.3.26)
In the above expression, N0() can be interpreted as a modal density.
The function N() can be estimated as follows. First observe that
0  mn   

2
, k sinmn  k sin: (8.3.27)
From ﬁgure 7.3, 8
> > <
> > :
k sinmn =
mn p
1   M2mn
;
k sin =
()
p
1   M2()
;
(8.3.28)
where () is deﬁned by
() = k sin
p
1   M2(): (8.3.29)
Substituting the expression for (), given in equation (8.3.20), () can be expressed as
() =
k sin()
p
1   M2 sin2 
: (8.3.30)
For 0    =2, the cosine and sine functions are respectively decreasing and increasing,
therefore it is straightforward to show that () is decreasing with . Thus,
0  mn   

2
, mn  () ,
p
1   M22
mn 
p
1   M22():
(8.3.31)
Combining equations (8.3.27) and (8.3.31),
0  mn   

2
, mn  (): (8.3.32)
Then, let M() denote the number of cut-on modes (m;n) such that mn  , i.e
M() = Card

f(m;n) 2 O such that mn  g

: (8.3.33)
Equation (8.3.32) shows that
N() = M(()): (8.3.34)
Good analytical approximations for M() have been derived. For example, following Roe
[19] and Rice [16],
M() =
(a)2
4
+
a
2

(a)2
4
(8.3.35)
if the second order term is neglected, which is a good approximation when a  1
(well cut-on modes). Combining equations (8.3.33), (8.3.34) and (8.3.35), N() can be
89expressed as
N() =
(ka)2
4

2 sin2 
1   M2 sin2 
: (8.3.36)
Differentiating the above expression gives
N
0() =
(ka)2
2
sincos
(1   M2 sin2 )2: (8.3.37)
Thus, substituting equation (8.3.37) into equation (8.3.26), the number of cut-on modes
which radiate between angle  and  + d is given by
Card

O

=
(ka)2
2
sincos
(1   M2 sin2 )2d
: (8.3.38)
In duct power in direction . The in-duct power transmitted between propagation angles
 and  + d is obtained by combining equations (8.3.38) and (8.3.23), i.e.
E

dW()
	
=
(ka)2A
40c0
sincos
(1   M2 sin2 )2G;;()d: (8.3.39)
8.3.6 Multi-Mode far ﬁeld directivity
Substituting the in-duct power, from equation (8.3.39), and the far ﬁeld power, given by
equation (8.3.13), into equation (8.3.14), gives
R2
0c0
E

jpfj
2	
F()sind =
(ka)2A
40c0
sincos
(1   M2 sin2 )2G;;()d: (8.3.40)
Solving the above equation for E

jpfj2	
, and substituting A by a2 gives
E

jpf(R;;)j
2	
=
 a
R
2 (ka)2
4
G;;()T() ; (8.3.41)
where
G;;() = P
2
;;(1   M
2)
2(1  )(M   ())
2(1   ()M)
2( 1)()
1 ;
T() =
cos
F()(1   M2 sin2 )
=
S()2 cos
(1   M2 sin2 )5=2:
(8.3.42)
Equation (8.3.42) is the main result of this dissertation. The expressions of G;; for
a uniform distribution of incoherent monopoles (a), a uniform distribution of incoherent
90axial dipoles (b), or an equal power per mode model (c), are given below:
(a) G0;1;2 = 0c0
Q2
s
2
1
()
;
(b) G1;0;2 =
F 2
s
2

M   ()
1   ()M
2 1
()
;
(a) G0;1;1 = 20c0
W0
A
:
An immediate consequence of equation (b) is that the far ﬁeld pressure goes to zero for a
uniform distribution of incoherent axial dipoles when
() = M
Substituting equation (8.3.20) into the above relation and solving for  yields the angle for
which the pressure ﬁeld goes to zero, denoted by 0,
0 = cos
 1

M
p
1 + M2

: (8.3.43)
Equation (8.3.41) gives the far ﬁeld directivity of mean square pressure in the high fre-
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Figure 8.13 – Function T plotted as a function of  and M. T represents a directivity factor in the
multi-mode broadband directivity factor.
quency limit. It is a product of two functions: the ﬁrst, G;; describes the directivity of a
particular source distribution; the second T, represents a directivity factor which depends
on the Mach number only. These functions are plotted respectively in ﬁgure 8.14 and 8.13.
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(c) Equal power per mode model, (;;)=(0,1,1).
Figure 8.14 – Function G;; plotted as a function of  and M. It represents the weighting coeﬁcient
for modes whose cut-off ratio is close to ().
8.4 Directivity factor
The non-dimensional directivity factor can be deﬁned as
Q(ka;) =
2R2
0c0E

W
	E

jpf(R;;;!)j
2	
: (8.4.1)
Note that for a spherical source, Q(ka;) = 1. The terms E

p2
f(R;;;!)
	
and E

W
	
can be computed by using a discrete modal summation or by applying a continuous analytic
formula.
8.4.1 Modal expression of the directivity factor with ﬂow
ThemodalexpressionforE

p2
f(R;;;!)
	
isobtainedfromequations(8.0.1)and(8.2.45),
E

p
2
f(R;;;!)
	
=
 a
R
2 X
(m;n)2O
jHmn(ka;)j
2F;;(mn); (8.4.2)
92The expected value of the source power, E

W
	
, can be expressed by summing the modal
powers, given by equation equation (8.3.17), over all the cut-on modes:
E

W
	
=
a2
20c0
X
(m;n)2O
L;;(mn): (8.4.3)
The directivity factor is then obtained by substituting equations (8.4.2) and (8.4.3) into
equation (8.4.1).
Q(ka;) =
4
P
(m;n)2O jHmn(ka;)j2F;;(mn)
P
(m;n)2O L;;(mn)
: (8.4.4)
8.4.2 Analytic estimation of the directivity factor with ﬂow in the high frequency
limit
Alternatively, when studying the forward arc (  =2), the directivity factor can be es-
timated directly by using the analytical expressions derived in in this chapter. Thus, the
mean square pressure can be expressed from equation (8.3.41) as
E

jpf(R;;)j
2	
=
 a
R
2 (ka)2
4
G;;()T(): (8.4.5)
The expected value of the source power can be obtained by integrating the elementary
contributions E

dW()
	
between 0 and =2. Thus, from equation (8.3.39),
E

W
	
=
Z =2
0
E

dW()
	
=
a2
0c0
(ka)2
4
Z =2
0
(G;;()sincos)=[(1 M
2 sin
2 )
2] d:
(8.4.6)
Substituting equations (8.4.5) and (8.4.6) into equation (8.4.1) gives
Q(ka;) =
2G;;()T()
R =2
0 (G;;()sincos)=[(1   M2 sin2 )2] d
: : (8.4.7)
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Validation
The model is validated by using the same arguments as those presented for the zero ﬂow
theory. For a given value of the Mach number, we study
• the variation of the modal transmission coefﬁcients as a function of frequency,
• the angle above which the accuracy of the analytic model deteriorates.
9.1 Variation with frequency
Figures 9.1a and 9.1b represent the modal transmission coefﬁcient as a function of cut-off
ratio for all cut-on modes for ka = 20 and ka = 50. The former assumes M =  0:3,
and the latter M = 0:6. Both ﬁgures show that the modal transmission coefﬁcient tend to
converge towards 1 as frequency increases. This is similar to that observed in the zero ﬂow
case. We plot the percentage of modes such that mn  0:8 as a function of frequency,
for M    0:3 (ﬁgure 9.2a) and M = 0:6 (ﬁgure 9.2b). This percentage clearly converges
towards 0.
9.2 Maximum angle of validity
Using the same arguments as the one presented in the zero ﬂow theory, we can estimate the
angle above which the model’s accuracy starts to deteriorates. Note however that the under-
lying simpliﬁed shape of the transmission coefﬁcient which is assumed is less applicable
when ﬂow is present (compare ﬁgures 4.3 and 9.1b).
ka 20 50
c 0.2 0.1
c 80 85
(a) M=-0.3
ka 20 50
c 0.2 0.15
c 80 85
(b) M=0.6
Table 9.1 – Angle c above which the accuracy of the model deteriorates for different values of the
Mach number.
940.3
0.4
0.5
0.6
0.7
0.8
0.9
1
τmn
0 0.2 0.4 0.6 0.8 1
αmn
ka = 20
ka = 50
(a) M=-0.3
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
τmn
0 0.2 0.4 0.6 0.8 1
αmn
ka = 20
ka = 50
(b) M=-0.6
Figure 9.1 – Variation of the transmission coefﬁcients as a function of cut-off ratio for ka = 20 and
ka = 50. The Mach number is constant
9.3 Sound power variation with Mach number
To validate the analytic formula for the in-duct power, given in equation (8.4.6), we plot
the variation of the in-duct power with ﬂow normalized by the zero ﬂow in-duct power,
denoted by WM=WM=0, with Mach number, for the three model of idealized sources. The
results from this thesis are compared to the analytic solution obtained by Joseph et. al [15],
which are reproduced below:
Monopole
WM
WM=0
=
1
1   M2 (9.3.1)
Dipole
WM
WM=0
=  
M4 + M3   M2   2M   2(1   M2)log(1   M)
3M3(1   M2)
(9.3.2)
Equal Power
WM
WM=0
=
1
1   M2 (9.3.3)
Note however, that the equation for the dipole distribution has been modiﬁed in comparison
to the one presented in the original paper: M has been changed to  M. This is due to an
error in the paper. In ﬁgure 9.3, the circles, squares and crosses represent respectively
the convective ampliﬁcation, obtained from equation (8.4.6), for a uniform distribution of
950
0.1
0.2
E
r
r
o
r
10 20 30 40 50
ka
(a) M = -0.3
0
0.1
0.2
0.3
0.4
E
r
r
o
r
10 20 30 40 50
ka
(b) M = 0.6
Figure 9.2 – Percentage of modes such that mn < 0:8.
monopoles, a uniform distribution of axial dipoles, and an equal power per mode model.
These results ﬁt perfectly the results obtained from the above analytic formulae by Joseph
et al.. This validates our integral expression of the in-duct power.
The ﬁgure shows that, for a distribution of incoherent monopoles or an equal power per
mode model, the presence of ﬂow generates the same ampliﬁcation of the sound power due
to convection, which increases with Mach number. The case of an incoherent distribution
of axial dipoles is more complex. There is a range of values of the Mach number, between
M = 0 and M = 0:6, in which the ﬂow decreases the sound power in comparison with the
zero ﬂow case. This decrease in sound power is maximum for about M = 0:4.
96−5
0
5
10
15
WM/WM=0 (dB)
−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8
M
Figure 9.3 – In duct power with ﬂow normalized by the zero ﬂow in-duct power, as a function of Mach
number, for the source distributions of incoherent distribution of monopoles, incoherent distribution of
axial dipoles, and equal power per mode.
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Results
The directivity factor corresponding to the multi-mode directivity with ﬂow, is plotted for
ka = 50 and M between  0:9 and 0:9, for a uniform distribution of incoherent monopoles
(ﬁgures 10.1 and 10.2), a uniform distribution of axial dipoles (ﬁgures 10.3 and 10.4), and
an equal power per model model (ﬁgures 10.5 and 10.6). For each source distribution, the
results are presented in the ﬁrst page for negative Mach numbers, and on the second page
for positive Mach numbers. Each sub-ﬁgure shows a polar plot of the directivity factor
for a particular source distribution and a given Mach number. The thick black line rep-
resents the exact result, obtained from the Wiener-Hopf Technique formulation of Gabard
and Astley[14], the red triangles represent the directivity obtained by applying the Lorentz
Transformation to the ﬂanged duct solution for zero ﬂow, and the blue circles represent
the directivity factor obtained by using the analytic formula derived in this thesis (equa-
tion (8.4.7)).
The agreement between the exact multi-mode directivity with ﬂow, the approximate
ﬂanged duct directivity, and the high frequency analytic formula, is shown to be excel-
lent for the three source distributions over the full range of subsonic Mach numbers. The
ﬂanged duct and analytic formulation give exact predictions up to more than 80, as pre-
dicted in the previous chapter. It is interesting to see that the analytic formula is able to
describe the correct variation of the multi-mode directivity for the three different source
distributions, despite the fact that the corresponding behaviour of the directivity factor is
very different. In particular, the complex behaviour resulting from the presence of interfer-
ence in the case of a uniform distributions of incoherent axial dipoles is well predicted.
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104Conclusion
In part II, the derivation leading to the high frequency analytic formula for the multi-mode
directivity from a semi-inﬁnite cylindrical duct without ﬂow, ﬁrst obtained by Joseph and
Morfey [1], has been outlined. This derivation is then generalized to an inlet duct with ﬂow,
or an exhaust duct with ﬂow in part III. The main results of this analysis are as follows.
• A high frequency approximation of the multi-mode directivity with constant mean
ﬂow, valid for a general family of incoherent source distributions in the forward arc,
has been derived. It is in excellent agreement with exact numerical results up to
approximately 80.
• The in-duct to far ﬁeld transfer functions with ﬂow can be obtained by careful appli-
cation of the Lorentz Transformation to the zero ﬂow solution.
• The in-duct to far ﬁeld transfer function with ﬂow for an inlet duct is approximately
equal to that for an exhaust duct in the forward arc.
• The relation between the direction of propagation of a mode propagating inside a duct
and the mode cut-off ratio has been derived.
• The direction of maximum radiation from the duct is equal to the direction of propa-
gation of the mode inside the duct. The variation of this angle of maximum radiation
with Mach number depends on the value of the cut-off ratio for zero ﬂow. In par-
ticular, if the cut-off ratio for zero ﬂow is close to one, the direction of maximum
radiation changes little when the Mach number is increased.
• The average far ﬁeld radial intensity with ﬂow has been derived. It is related to the
mean square pressure by a directivity function which depends on the Mach number.
105Future work
Future work would consists in improving the multi-mode directivity formula by deriving
an analytical expression for the transmission coefﬁcient of the open end of the duct. The
formula would also need to be extended to the case when the mean ﬂow outside the duct is
different from that inside the duct.
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